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THE MATHEMATICAL ASSOCIATION. 


A GENERAL MEETING of the Mathematical Association was held at King’s 
College, London, on 12th and 13th April, 1944. 

On Wednesday, 12th April, the business meeting was held at 11.15 a.m., 
with Professor E. H. Neville, Vice-President, in the chair. The Joint Report 
of the Council and the Executive Committee for the period 1939-1944 * was 
adopted. On the nomination of the Council, Mr. C. O. Tuckey was elected 
President for the year 1944. The existing Vice-Presidents, the Treasurer, 
Seeretaries, Librarian, Editor of the Gazette, and other present members of 
the Council were re-elected ; the Auditor was re-elected. 

At 1.30 p.m., the President (Mr. W. C. Fletcher) in the chair, a discussion 
on“ Possible Changes in the Mathematical Syllabus for the School Certificate 
Examination ” + was opened by Mr. C. T. Daltry and Dr. F.C. Powell. After 
tea, two papers were read: ‘‘ An Introduction to Theory of Functions ”’, by 
Mr. W. W. Sawyer, and * The Teaching of Harmonic Analysis”’, by Professor 
L. M. Milne-Thomson. 

On Thursday, 13th April, Mr. C. W. Hansel gave a paper and demonstra- 
tion on ‘* The Use of Mirrors in the Teaching of Mathematics ”’,¢ and Mr. N. M. 
Gibbins read a paper on “ Infinite Series for Fifth Formers”.+ In the after- 
noon, a discussion on ‘‘ The Mathematical Course for Sixth Form Scientists ”’ ¢ 
was opened by Mr. E. H. Leckwood, Mr. A. E. E. McKenzie, Dr. F. C. Powell 
ad Mr. C. G. Nobbs. This was followed by a paper from Mr. W. Hope-Jones, 
tatitled “* More Mathematical Geography ”’. 

A Publishers’ Exhibition was open during the two days. 

_At the kind invitation of Dr. Comrie a visit to the Scientific Computing 
Service, Ltd., 23 Bedford Square, W.C.1, took place on the afternoon of 
Tuesday, 11th April. In connection with this, reference should be made to 

.Comrie’s article in this issue of the Gazette, pp. 90-95. 


* See pp. 86-89. + To be published later. 











THE MATHEMATICAL G \AZETTE 


JOINT REPORT OF THE COUNCIL AND THE EXECUTIVE 
COMMITTEE FOR THE PERIOD 1939-1944. 


On the outbreak of war it was feared that a serious drop in merabership 
would take place. Though there have been a number of resignations owing 
to various causes connected with the war, and also a number of losses by 
death, the membership has been well maintained. A particularly gratifying 
feature is the continued flow of junior members, and the thanks of the 
Association are due to various members attached to Training Colleges and 
Departments for the interest they have shown in this matter. During the 
year 1943 a fairly large number of members who had previously resigned 
have rejoined. The frequent changes of address and other war-time vicissi- 
tudes, including damage to the Association’s office in 1940, have thrown a 
heavy load on the Treasurer and his clerical assistant. The number of 
members on the roll at the present time is about 1700, but it is not possible 
to assess the number of Associates. 

Since the last report the deaths of the following members, some through 
enemy action, have been recorded: Mr. D. J. Arkell, Mr. C. J. H. Barr, 
Mr. H. C. Beaven, Mr. J. H. Blacklock, Mr. F. C. Boon, Mr. J. Brill, 
Mr. W. L. F. Browne, Mr. R. Butcher, Mr. W. J. Dobbs, Mr. M. F, 
Elderton, Mr, I. O. Griffith, Prof. A. R. Forsyth (President 1903, 1904 and 
1936), Mr. A. M. Grundy, Prof. W. H. Heaton, Dr. E. L. Ince, Miss E. L. 
Jameson, Mr. J. Kilgour, Mr. J. G. Leadbetter, Mr. G. H. Lester, Mr. D.C. 
Legg, Mr. H. Lob, Mr. 8S. L. Loney, Mr. F. M. Marzials, Mr. F. Mayor, Prof. 
J. H. Michele, Rev. J. J. Milne (Hon. Treasurer 1897-1899, Hon. Secretary 
1896), Dr. R. F. Muirhead, Mrs. M. H. Murray, Mr. 'T. J. Pearcey, Miss I. L. 
Peatfield, Mr. C. Pendlebury (Hon. Secretary 1886-1936), Mr. A. L. Prestwich, 
Miss K. W. Rigby, Mr. A. H. Spiers, Mr. W. Stott, Miss C. M. Waters, Mr. 
C. H. Wickens, Mr. B. Young. 


The Branches. 


In the early part of 1939 all the Branches were continuing their normal 
activities, and the usual programmes for the autumn session were being 
drawn up. A new branch was formed at Plymouth, largely owing to the 
good work of Mr. F. W. Kellaway. The Archimedeans, a junior Branch of 
the Association, published the first number of a not-too-serious publication 
called Eureka. 

The beginning of the war, with the consequent evacuation and scattering 
of teachers, caused an immediate cancellation of nearly all Branch programmes. 
The inauguration of the Nottingham and District Branch took place during 
this period: a paper entitled ‘** The New Spirit in Mathematical Education 
in England and U.S.A.” by Prof. Max Black deserves special mention. 

The dislocation caused by war conditions has varied greatly. Some 
branches, notably London and the two newcomers, Sheffield and Plymouth, 
resumed meetings almost immediately and have continued ever since. The 
Manchester, Yorkshire, and N. Ireland branc *hes have also held meetings 
from 1941 onwards. 

The appearance in 1943 of the Cambridge Alternative Syllabus in Geometry 
and Trigonometry caused a revival of interest in the branches, and several 
meetings have already been held to discuss this and similar topics, notably 
at London, Manchester, Nottingham, Leeds, Birmingham and Newcastle. 
Other branches are planning to hold meetings for the discussion of syllabus 
questions. 

The Council wishes te thank all branch officials for the efforts they have 
made to keep the work going under extremely difficult conditions, and to 
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express the hope that those branches which have so far found it impossible 
to hold meetings will be more successful in their efforts during 1944. 
The Mathematical Gazette. 

The publication of the Gazette has continued at the pre-war rate of five 
numbers per annum. The volume of material offered to the Gazette has not 
fallen much below the peace-time level, with the exception of the reviews ; 
what new European books there may be do not reach us, American books 
arrive only occasionally, and the number of new publications in this country 
is comparatively small. The introduction of a paper ration for periodicals 
has restricted the Gazette to roughly 30° of its pre-war size; some slight 
alleviation has been possible by the use throughout the journal of the smaller 
fount of type previously employed only for reviews, and by a small decrease 
in the size of margins. But many contributions which would naturally have 
found a place in normal times have had to be refused ; the guiding principle 
here has been to reserve our space as far as possible for the more elementary 
articles, likely to be of interest to the majority of members. Unfortunately, 
the rationing scheme came into force at a time when a much larger number 
than usual of Notes had been accepted, many of these being actually in type ; 
thus a bottle-neck was created, and has caused a very serious delay in 
publication of both Notes and Articles, as irritating to the contributor as it is 
to the editor. At the present moment there seems little likelihood of any 
improvement in this position in the near future. It has become impossible 
to obtain further supplies of the present style of paper used for the covers of 
each issue ; a substitute has been found, as near in texture as possible, but 
the uniform colour standard has had to be sacrificed. 

Greater demands than ever have been made upon the patience and skill of 
our printers, Messrs. Robert MacLehose & Co. Ltd., at the Glasgow Univer- 
sity Press. Without their close and unwearied co-operation on all points, 
from the allocation of paper supplies to the smallest typographical detail, 
the Gazette could not have been maintained at a level of appearance very little 
different from that of pre-war days. 


The Teaching Committee. 


The sub-committees, including the new Sixth Form sub-committee 
appointed in January 1939, were at work in the early part of that year, and 
were then obliged to suspend their activities ; but the Technical sub-com- 
mittee was able to resume in 1942. Various members of the Teaching com- 
mittee besides those belonging to the Standing sub-committee have been able 
to co-operate in the transaction by post of certain items of business : 

(i) at the request of the examiners, comments have been sent on papers 
set at examinations of one of the Cambridge scholarship groups of 
colleges ; 

(ii) at the request of a committee of the Science Masters’ Association, 
comments have been sent on papers set in mathematics to candidates 
for science scholarships in the examinations of 1942 ; 

(li) a lengthy reply was sent to a questionnaire of the Curriculum and 
Examinations Committee of the Board of Education ; 

(iv) members were nominated to a joint-committee with the Institute of 
Physics to discuss the training in mathematics of future physicists ; 

(v) a representative was nominated to consult with a British Institute 
committee on mathematical films ; 

(vi) a general approval was given to the principles of the alternative 
School Certificate syllabus introduced by the Cambridge Local 
Syndicate. 
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An attempt has been made to give some aceount of these proceedings by 
notices printed in the Gazette from time to time. : 

Some observations on the Spens Report were sent to the Board of Educa. 
tion in 1939, and a memorandum of the Technical sub-committce was sent 
to their McNair committee in March 1943. It is likely that a report of the 
joint-committee (iv) will appear in the next few weeks. 

At a meeting of the Teaching committee held in August 1943, representa. 
tives were nominated to attend the Conference of representatives of Examin- 
ing Bodies and Teachers’ Associations which was formed on the initiative of 
the Cambridge Local Syndicate. Although this was the only actual meeting 
of the Teaching committee during the period covered by this report, it will 
be seen that much valuable work has been carried out by its members in 
collaboration with other interested parties. 


The Library. 

Special safeguards were imposed in 1939, and service, though delayed and 
imperfect, has been maintained. The demand, small during the first six 
months of the war, became normal by the summer of 1941. 

In 1940 the authorities of the Douai Abbey School, Woolhampton, learning 
that the problem of accommodation was acute, generously offered the tem- 
porary use of shelves in their library building, and members are much indebted 
to them, and also to Rev. T. V. Deane, without whose help on the spot the 
books would have become inaccessible when a year later the difficulties of 
travel became insuperable. 

Small donations have been nuimerous. Two benefactions call for special 
mention : in 1941 Mrs. W. J. Dobbs gave her husband’s mathematical library 
to the Association, a memorial to a teacher who won affect on for himself and 
enthusiasm for his subject from many generations of boys ; by the death of 
Mr. H. J. Woodall the Association came into possession in 1943 of a section 
of his library bequeathed several years ago. Few details of accessions have 
been announced, but the card catalogue is kept up to date, enquiries can be 
answered, and there should be no delay in the issue of a Fifth List after the 
war. 

A comprehensive programme of binding and repair was drawn up in 1939 
and put into execution forthwith ; the highest quality of craftsmanship has 
been available, and although work has been retarded, it has not come toa 
standstill. 


The Problem Bureau. 

During war-time there has been no very marked change either in the 
number of applications or in the types of question submitted. Questions 
from the Cambridge Scholarship volumes were somewhat less in demand in 
1941-1942, but of late there has been a revival of interest in these questions, 
particularly in Pure Geometry. Solutions of questions in Permutations and 
Combinations have also been required rather more frequently of late. 

Valuable assistance has been received from a number of members, who 
have given excellent service to the Association in this way. The solutions of 
the complete Cambridge scholarship volumes to date have been carefully 
checked. 


General. 

A meeting of the Association had been tentatively mooted for the summer 
of 1940. This project was abandoned for obvious reasons, but following a 
resolution passed by the Teaching Committee in September 1943, the 
Executive Committee decided to hold a General Meeting in April 1944, 4 
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date which appeared likely to be more convenient in war-time than the 
customary date in early January. 

In spite of the paper shortage it has been possible to arrange for the re- 
printing of the Reports on the Teaching of Arithmetic and the Teaching of 
Algebra and the first Report on the Teaching of Geometry. New members 
have continued to receive a copy of the Second Geometry Report. At the 
request of the International Exehange of the All Union Lenin Library 
publications are in process of being exchanged via the Russian Embassy. 

Representations have been made to the Board of Trade with regard to the 
shortage of geometrical instruments, which has been acute in some parts of 
the country. It appears unlikely that any improvement will be possible. 

The Association is represented by four members on an Advisory Committee 
on Higher School Certificate and Scholarship Mathematics which has recently 
been set up at Cambridge. A sub-committee to consider syllabus questions 
has been appointed by this Advisory Committee. 


Officers and Council. 

The Council wishes to express its thanks to Mr. W. C. Fletcher for his 
services as President during the last four years. Mr. C, O. Tuckey has accepted 
nomination as his suecessor. 

The Executive Committee, acting for the Council, has nominated Mrs. FE. 
Shuttleworth to fill the vacaney on the Council caused by the resignation of 
Miss M. A. Hooke. 

The thanks of the Association are due in a special degree to Prof. Broadbent 
for his able work in maintaining the issue of the Mathematical Gazette in spite 
of many difficulties and war-time restrictions. The Association is also deeply 
indebted to Prof. Neville for his services to the Library in exile, and to Mr. 
Gosset Tanner for maintenance of the Problem Bureau. The work done by 
the Treasurer and the Secretaries must also not pass unnoticed. 


VICTORIA BRANCH. 


Mr. Ff. J. D. Syer, on active service somewhere ‘in the jungle ”, writes to 
report that he was able to attend a conference held in Melbourne last Novem- 
ber on the affairs of the Branch. It was decided to call regular meetings of 
the Branch again, to accept Mr. Syer’s resignation from the office of Hon. 
Secretary, and to appoint in his stead Mr. H. B. Sarjeant. 


NOTICE TO NEW MEMBERS. 
Tur rules of the Association lay down that a new member shall be provided 
with those numbers of the current volume of the Gazette issued prior to the 
date of joining. Owing to the restrictions imposed by the control of paper 
supplies, this arrangement must be suspended for the present. 


GLEANINGS FAR AND NEAR. 





1446. The great men who gave life and lustre to that Assembly [the West- 
minster Assembly of Divines] had now long gone to their rest... . The last 
of them who lingered among men was great enough to dignify the end of 
all, though his greatness was not in ecclesiastical matters—this was John 
Wallis, the mathematician, grammarian, and teacher of the deaf to speak.— 
J. Hill Burton, A History of the Reign of Queen Anne (1880), I, pp. 70-71. 
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CAREERS FOR GIRLS. 
By L. J. Comrir. 


THE little paragraph with the above title on page 170 of the Mathematical 
Gazette has interested me, as I have been able to offer a career to quite a 
number of girls just leaving school with Higher School Certificate in Mathe. 
matics. It has been in mechanised scientific computing. I use the word 
mechanised rather than mechanical, because the latter may give the false 
impression of routine and drudgery, whereas the former correctly conveys 
the fact that mechanical aids are used to lighten the labour. 

In this war a very large proportion of our mathematicians and physicists 
(and that valuable combination the mathematical physicist) have been 
‘turned loose ’’ on to the problem of defeating the enemy, both in offence 
and defence. The scale on which this has been done is stupendous, and, not 
unnaturally, as so much of the work is of a research and development nature, 
the computation to be done has increased many-fold. That industry will 
continue to use the powerful means that it has been forced to use on a large 
scale—and has found so effective—is only to be hoped for. That university 
workers who have been drawn from the seclusion of their academic haunts 
and brought into contact with the practical problems of real life will continue 
to seek stimulus in mathematically similar peace-time problems may also be 
hoped for. 

Let us survey some of the fields into which numerical work enters. First 
and foremost is the solution of differential equations—that great refuge of 
the mathematical physicist in particular. The pure mathematician would, 
of course, consider that he had lost caste if he could not discover an analytical 
solution! But the practising physicist or engineer believes, with Kelvin, 
that when you can express a thing by numbers you know something about it. 
He needs, and is often content with, numerical solutions. It is not physically 
possible to take every differential equation to that marvellous but elaborate 
and costly apparatus the differential analyser, nor is it always economical to 
do so. Again, not every equation or system of equations lends itself to this 
machine, and, once again, the accuracy of the machine is limited to three or 
four significant figures. In other words, there are numerous occasions when 
the bill can be filled only by a numerical solution, done by hand with the aid 
of simple calculating machines. 

To a good computer, the process of solving a differential equation becomes 
a game. If the equation is of the form 


dy =f(2, ¥) oF it =f (x, Ys =) 


dx dx? dx 


it is, strictly speaking, impossible to get the answer until you know it! This 
seeming deadlock is removed by intelligently inspired guessing of the answer, 
followed by a testing of the guess, its correction, and a repetition of the 
process with the corrected value. The ‘“‘ game ”’ is to guess so closely first 
time that repetition is unnecessary. The better the computer, the fewer the 
repetitions, and the greater the resulting pride of achievement. 

Another process (not always applicable) consists in finding a sufficient 
number of derivatives (one being, of course, defined by the differential equa- 
tion), and pushing forward by Taylor’s theorem. The beauty of this method 
is that, if even and odd terms are kept separate, their sum gives the next 
forward value of y, while their difference reproduces the last backward value, 
and thus provides a complete check at every stage. It is no exaggeration to 
say that the work holds a peculiar fascination for those temperamentally 
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suited for it, and that it is well within the capacity of properly trained (of 
which more later) girls. 

An allied and somewhat similar type of work is the evaluation of definite 
integrals by the process known as mechanical quadrature or numerical 
cal integration. Here the element of guessing is absent, but the scope for method 
»a ff and the application of modern calculating machines is wide. A good course 


ne- J on this subject would contain a lot of hints on what not to do, such as applying 
rd § Simpson’s rule to a number of end-to-end areas. 

Ise The solution of simultaneous equations (such as the normal equations of 
YS least squares) probably holds terrors for those who have never done more 


than three, until they do some under expert guidance. There are many 
sts §j pitfalls, if the computer is not to find himself multiplying numbers in the 
xen § millions by numbers with many noughts after the decimal point, or arriving 
nce § at the conclusion that 0 .x2=0, which is not very informative. Actually the 
10t J solution of equations with many unknowns (our two highest so far have been 
ire, fF 135 and 153) is no harder than that of three equations—it differs only in 
vill § quantity, and may take weeks. Lest there should be visions of innumerable 
rge §f repetitions due to errors in the early stages, let me hasten to say that frequent 
ity ff} summation checks detect errors, although my definition of a check is not 
nts § that it is something for finding errors, but ‘‘ something to prove you are 
nue @ right “an important difference of attitude. 

be A few special machines have been built to solve simultaneous equations 
but, whilst they may have their usefulness, they also have their limitations, 
irst ff such as the necessity for transforming the equations before use and the solution 
»of § when found, low accuracy (normally limited to three significant figures) and 
ild, @ restrictions on the number of unknowns (ten in the most elaborate machine). 
ical § These machines are still a long way from ousting good computers with simple 
vin, § calculating machines. 

; it. Another field is offered by mathematical statistics, with its great variety of 
ally § processes—means, standard deviations, correlations, tests of significance, 
ate analyses of variance and curve fitting. Here the interest often lies as much 
1 to inthe material and problems as in the numerical processes. The sorting out 





this § of cause and effect relationships calls for much arithmetic, as well as for ripe 
9 0r § judgment and common sense on the part of the investigator. 
hen Survey and geodetic work, with its partner map projections, often lends 


aid § itself to centralised computing. Every sixth-form mathematician believes 
that in any triangle 


a b c 


a+S+Ca te Oe Soe ae ee 








+s 
but when all the angles are observed -independently this is never quite the 
case. ‘I'o avoid subsequent headaches, all large triangulations are “ adjusted ”’, 
%0 that the above relations are exactly satisfied for each triangle. In the 





[his 
ver, 







the highest geodetic work, the individual adjustments are usually less than 1” ; 
first § in lower order triangulations, they may be several seconds of arc. It is in 





the Jf this process of adjustment that one encounters simultaneous equations with 
100 and more unknowns. 
Harmonic analysis cannot be more than a name to sixth-form girls, but 


isa valuable tool to designing engineers, and would be used more often if the 





jent 
jua- 






hod § engineer himself did not have to do some of the numerical part of the analysis. 
rext ff Suffice it to say, by way of brief description, that it is the resolution of a 
ue, § periodic curve into a series of sine and cosine curves (often called a Fourier 





n to 
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sries), whose amplitudes and phases, and sometimes even the periods, have 
to be determined. The converse process of building up a curve from its 
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harmonics is harmonic or Fourier synthesis; it is used, for instance, in tid 
prediction. 

A not infrequent requirement in research is the plotting of families of 
curves from given formulae for varying values of the parameters they contain, 
A problem put to us once involved the formation and solution of 15,000 
quadraties from combinations of given values of three parameters. This was 
not done by asking dozens of girls to spend months doing individual applica- 
tions of the familiar 

a={-b+./(b? - 4ac)}/2a 


but, with the aid of systematic mass production methods, an auxiliary table, 
and a calculating machine that printed its answers, was done comfortably 
by two people in less than a month! , 

Finally, there is the making of tables, whether for private and internal use, 
or for publication. The purpose of a table is two-fold : (1) to save continual 
repetition of the same calculation and hence time, (2) to afford a measure of 
security against accidental errors of computation. Its value, as Glaisher 
wisely pointed out, depends not on the labour required to produce it, but on 
the labour it saves in the course of its applications. One sometimes sees tables 
brought into being apparently as a result of “ table fever ”’, but on the other 
hand many tables are genuinely useful. Today new functions are continually 
coming into being—often as solutions of new (or even old) differential equa- 
tions—and their field of usefulness can be widened by tabulation and, where 
appropriate, publication. 

All the work that has been deseribed is suitable for girls with Higher School 
Certificate or Inter. B.Sc. in mathematics, subject to two important reserva- 
tions: (1) adequate supervision by a proficient computer, who is responsible 
for the methods used; and (2) a preliminary training in computing. Of 
these the first will readily be conceded. I cannot engphasise too strongly 
the value and importance of the latter, facilities for which are lamentably 
lacking in our educational system. Indeed, IL know of no place where 
systematic training is given, other than our own establishment. In making 
this statement | am deliberately passing over the schools for training girls 
on key-driven machines, which are used in certain routine commercial and 
accounting operations but do not lend themselves to the scientific and 
mathematical computing under discussion. 

No employer would engage an untrained girl to take dictation and type, 
but if his research department gets a new calculating machine he is, in general, 
forced by circumstances to engage a girl who has never seen a machine before. 
The result is that the girl is shown (if there is anyone other than the machine 
salesman who can do it) just the processes she has to perform. She has no 
grasp of principles, no variety of method, no discrimination, no power of 
adaptation, no knowledge of lay-out, no insight into the art of checking, no 
guide to lean on, and may even, before long, have no interest ia her work. 
Contrast this with the girl, just out of High School, who joins a group of girls 
of similar age, inelination and mathematical training in a course (lasting 
several months) on the principles of the work she is to do, coupled with 
laboratory practice. If she is not told that pure mathematicians dread inter- 
polation, mechanical quadrature and the numerical solution of differential 
equations, she will never dread them herself—-indeed, at the hands of an 
enthusiastic teacher she will regard them as a pleasant, useful and. skilled 
occupation. She will then be able to repay the time spent in training. [am 
not theorising ; I am speaking from experience. 

I contend that young people should be able to learn, at an educational 
institution, the apparatus and processes by which they are to earn their living. 
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It is not so much for the High School, whose function is to supply a liberal 
education and mathematical background, to give manipulative training as it 
js for the technical and vocational colleges. Why, then, has this not been 
done here, although it is in other countries? 

As I see it, there are three main reasons. First there is the contention 
that the curriculum is already too crowded, and that nothing new can be 
fitted in. I suppose many of the now firmly-established subjects—perhaps 
even electricity—had to face this at one time. However, the war has placed 
scientific computing so much “ on the map ”’ that it is to be hoped that those 
responsible for our post-war education will see to it that something that has 
made such an honourable contribution to our victory, and can equally well 
contribute to our well-being in peace, is not allowed to languish. Computing 
has made out its case, and justified a place among our studies. There need 
be no real obstacle here, if the pre-war apathy can be replaced by sympathy. 

Secondly, there is the complete absence of a textbook. The development 
of the mathematical side of the subjects mentioned can be found, but much 
more is needed, namely impartial description of mechanical aids (which 
eliminates trade literature) and, what is much more important, the fitting of 
these aids and problems to each other. Such a first book, of course, could be 
written only by someone who has had many years of successful experience, 
and has made original contributions to the subject. Whilst not claiming 
these virtues, I may be permitted to mention that I began a textbook in 
1938, but the Munich crisis and the war left it in an embryonic stage. Whether 
it would be possible to take it up again when six years older, and with the 
responsibility of a large staff, although with considerably more experience of 
teaching and training junior computers, is largely a matter of the encourage- 
ment that is forthcoming. If it is to be successful, it should be done with the 
enthusiasm of one who earns his living by computing because he likes it, 
rather than one who likes it because he earns his living by it. 

Thirdly, and very serious, is the fact that there are few, if any, technical 
college teachers qualified to teach the subject. A first requirement of such a 
teacher is that he must be proficient himself. Proficiency comes, not from 
learning alone, but from much practical experience. The remedy is, therefore, 
to get the textbook and then ‘‘ teach the teachers’. In my view it is also 
necessary to “‘eatch them young’”’, because it is little use trying to make 
computers out of people who have left school or college for several years ; if 
they are over thirty, the effort might as well be abandoned. An initial teachers’ 
course should occupy not less than a term, and should, with the accompanying 
practical work, be a full-time affair. Anything of the nature of two hours an 
evening for three evenings a week is doomed to failure. One of the greatest 
lessons to be learned is. that, while 90, 95 or 99 per cent accuracy may be 
considered good, excellent or marvellous in class and examination, nothing 
short of complete accuracy is required in real life. 

In such a course, as indeed in computing training generally, the emphasis 
should be on processes rather than on specific applications. The most impor- 
tant single subject is finite differences—an eminently practical subject in 
which university training is decidedly weak. The engineer often checks his 
work by drawing a graph, and studying its smoothness, which he can do with 
3-figure numbers but not with more. But how many are at home with 
second, third and fourth differences, not only as a means of detecting errors, 
but also as a necessary intermediary in interpolation (direct and inverse) or 
in subtabulation, 7.2. systematie interpolation to smaller intervals of the 
independent variable?) How many would know whether a sequence of fourth 
differences like l, —2,.+4, -—6, +3, +5, +4, —I, +2, 0, —3 mdicated an 
error in the funetion from which they were derived, or elsewhere? IT have 
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seen, over and over again, differences falsely ‘‘ smoothed ”, with resultant 
errors in the tabulated function. Moreover, I know of no book that deals 
satisfactorily with this problem—elementary as it is. 

A thorough working knowledge of finite differences, which can only be 
obtained by first-hand experience, is necessary before attempting quadrature 
or differential equations on a large scale. Although I am a great admirer of 
what can be done with the differential analyser—which is really mechanised 
infinitesimal caleulus—I do not feel that it will ever oust finite differences, 
and render the need for numerical skill a thing of the past. The application 
of multi-register accounting machines to differencing and integration began 
to make strides about the same time as differential analysers ; it has more 
than doubled itself during the war and is now firmly established. 

I venture the opinion (again based on experience) that any lower standard, 
of mathematical training than that of the sixth form is not an adequate basis 
for training as a scientific computer, although it might suffice, not in research, 
but where there is a great deal of routine arithmetic, such as that which arises 
in testing and quality control. Even a B.Sc. degree is not too high a pre. 
liminary training, because any large team of computers, like any other team, 
needs a gradation of ability and experience. The university graduate has, 
naturally, a better chance of becoming a supervisor and, in general, can 
assume more responsibility. 

I have, so far, avoided two awkward questions : Who is going to pay for 
the courses, and who is going to provide the not inexpensive machines 
required (at least one for every two pupils)? We are familiar with secretarial 
colleges that accept fee-paying pupils, and we know that in pre-war days 
typewriter vendors vied with each other in the liberality of their terms, so 
that pupils should be trained on their particular machines to the exclusion 
of others. Undesirable as this is with typewriters, it is still more so with 
calculating machines, which differ widely in construction, manipulation and 
applicability to different types of problem. During the student stage the 
learner should become familiar with different types and makes, and should 
develop some ability to choose the best machine for any particular purpose, 
or for general scientific computation. 

All this seems to point away from schools organised by vending companies 
to serve their own interests, and towards technical colleges, where fees are 
low, and a representative variety of machines can be purchased out of educa- 
tional grants. A large initial outlay will have to be faced, but should not be 
shirked, if we are going to help the youth and employers of tomorrow. 

One vital question remains: “ If a girl trains as a scientific computer, can 
she find employment as such? ’’ At this very moment she could— in ballistics, 
optics, aircraft design, and a dozen and one other forms of research. I cannot 
predict the future, although I have faith in it, and think that girls are suitable 
for and can successfully hold their own in this field. With a training no 
longer than that of their sisters who cultivate secretarial or accounting work 
(but not without the training) they can be made proficient, and give good 
service in the years before they (or many of them) graduate to married life, 
and become experts with the housekeeping accounts! 

To show that my ideas are neither new nor original, I will conclude by 
quoting from the Prefatory Note of J'racts for Computors, No. 1 (1919), by 
that great computer Karl Pearson, who gave me my first lesson on a Brunsviga 
calculating machine at 11 a.m. on Armistice Day, 1918: ‘‘ Nowadays the 
schoolboy ought to be practised in computing, and this practice should run 
parallel with his algebraic work. He should be exercised in the use of tables 
which are not becoming obsolete like the smaller tables of logarithms. He 
comes at a fairly early stage to the summation of series, and he is liable to 
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regard certain series as unsummable because he has not approached them 
numerically, just as he unfortunately regards certain integrals as unintegrable, 
because he is not introduced at a quite early stage to graphical, mechanical 
and numerical methods of quadrature. .. . we can conceive no better practice 
that the schoolmaster could provide for his pupils than by teaching them to 
sum all such series by tabular aid. If the pupil be asked at the same time to 
compare the result obtained by summing directly 15 to 20 terms of the series 
wt (using tables of logarithms if he likes!), he will have learnt during the 
process a good deal of the practical value of logarithms, of tests for conver- 
gney, of partial fractions, of interpolation and of the value of tabular aids 
to the computer. He will further have realised that ‘proportional parts’ 
are neither the sole nor necessarily adequate method of entering a table—a 
belief not indeed infrequently found to dominate the post-graduate as well as 
the schoolboy mind and probably arising from the same limitation of experi- 
ence—the very words ‘mathematical tables’ being treated as synonymous 
with the smaller tables of common and trigonometrical logarithms.” 


Scientific Computing Service Limited L. J.C. 
23 Bedford Square 
London, W.C. 1. 


1447. This was the only voyage which I may say was successful in all my 
adventures and which I owe to the integrity and honesty of my friend the 
captain ; under whom I also got a competent knowledge of mathematics and 
the rules of navigation, ‘learned how to keep an account of the ship’s course, 
take an observation, and, in short, to understand some things that were 
needful to be understood by a sailor; for, as he took delight to instruct me, 
I took delight to learn ; and, in a word, this voyage made me both a sailor 
anda merchant : . . .—D. Defoe, Robinson Crusoe. [Per Mr. V. I. Todhunter.] 


1448. And now I began to apply myself to make such necessary things as 
I found I most wanted, particularly a chair and a table; for without these 
Iwas not able to enjoy the few comforts I had in the world ; I could not 
write, or eat, or do several things with so much pleasure, without a table : 
so I went to work. And here I must needs observe, that as reason is the 
substance and original of the mathematics, so by stating and squaring every- 
thing by reason, and by making the most rational judgment of things, every 
man may be, in time, master of every mechanic art. I had never handled a 
tool in my life; and yet, in time, by labour, application, and contrivance 
I found at last, that I wanted nothing but I could have made, especially if 
[had had tools. . . .—D. Defoe, Robinson Crusoe. -[Per Mr. V. I. Todhunter.] 


1449. A series of creatures might be constructed, arranged according to 
their diminishing interest in the immediate environment, which would begin 
with the amoeba and end with the mathematician. In pure mathematics 
the maximum of detachment appears to be reached ; the mind moves in an 
infinitely complicated pattern, which is absolutely free from temporal con- 
siderations. Yet this very freedom—the essential condition of the mathe- 
matician’s activity—perhaps gives him an unfair advantage. He can only 
be wrong—he cannot cheat. But the metaphysician can. The problems 
with which he deals are of overwhelming importance to himself and the rest 
of humanity ; and it is his business to treat them with an exactitude as 
unbiased as if they were some puzzle in the theory of numbers.—Lytton 
Strachey, Portraits in Miniature, “‘ Hume ”’ (1931), pp. 141-2. 
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SOME BINARY GAMES. 
By R. 8S. Scorer, P. M. Grunpy, C. A. B. Smrra. 


1. Introduction and Definitions. 

Several games, such as the ‘‘ Window Reader ”’, ‘** Nim”’, and * Bachet’s 
weights problem ”’, have a theory dependent on the scale of 2. (See, for 
example, Rouse Ball, Mathematical Recreations and Essays.) Here we giv 
a discussion and some generalisations of two such games, the ** Tower of 
Hanoi” (Rouse Ball, 11th ed., p. 303) and the *‘ Chinese Rings ”’ (Rouse 
Ball, p. 305). 

In the “‘ Tower of Hanoi’ we have a set of weights, all different (say 
W.<W,<...<W,,) divided at each position of the game into three piles 
(say a, b, c) any of which may be empty. The object of the game is to mov 
all the weights from the end position A in which all the weights are on pile a, 
to the end position B in which all are on b, in the smellest number of moves 
subject to the following rules : 

(i) one weight may be moved at a time from one pile to another, if 

(ii) there are no smaller weights (than the one moved) either on the pile it 
comes from, or the pile it goes to (or, equivalently, all smaller weights must 
be on the third pile). 

Accordingly we see that every move is reversible. 

In the ‘‘ Chinese Rings ”’, as described by Rouse Ball, we have to take a 
set of rings, say Ry, R,... R,, off a metal loop, or alternatively put them on. 
The rings are arranged so that 

(i) the ring R, may be taken off (if on) or put on (if off) at any move. 

(ii) the ring R, (s>0) may be taken off (if on) or put on (if off) when and 
only when the rings R, to R,_, are off the loop and R,_; is on it. Again every 
move is reversible. 

Now it is known (see Rouse Ball) that the correct order for moving the 
weights, in the ‘*‘ Tower of Hanoi”’, is W5, Wy, Wo, We, Wo, Wi, Wo, Ws, Wo... 
while for the ‘‘ Chinese Rings ”’ the order is Ry, Ry, Ro, Rs, .... The sequence 
of suffixes is the same for both: if 2° is the highest power of 2 dividing ’, then 
the rth suffix is s. 

2. The Network N,,. 

Now we may draw a “map”? of ali possible positions and moves in the 
‘Tower of Hanoi” in the following way. We represent each position P 
of the game by a point or node P ; and when there is a possible move from 
P to Q, we join the nodes PQ by a line. The result, a network of nodes 
and lines, we name N,. 

N,, the network for the game with three weights, is shown in Fig. 1. We 
use, for example, the abbreviation 02:1: for the position in which th 
weights W, W, are on the first pile a, the weight W, on the second pile 6, and 
no weight on pile ec. 

Further, we may divide the lines of the network, N,, into three classes; 
those representing moves between piles b and c, those between c and a, and 
those between a and 6, or as we may say, moves of “‘ colours”? a, b, and ¢ 
respectively. (These three colours are represented in Fig. 1 by thre 
different kinds of line). Further, because by the rules of the game to specif} 
that a move from a given position has a given colour is to specify it com- 
pletely, we see that the lines meeting at a given node must have all different 
colours. 

Now an examination of the smallest networks Ny, N,, No, ... will show that 
they have the following properties. 
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(i) ‘The network may be drawn in a plane without lines crossing. 

(ii) ‘there is only one colouring of the lines in three colours so that no two 
lines of the same colour meet at any node—mere changes in the naming of 
the colours being neglected.* 

(iii) In N,,, the colouring of the lines on the shortest route from A to B, 
when n is even is c, 6, a, c, b, a,... ¢ (cyclically), and when n is odd is 
b,c, a,b, ¢, a, ... a (cyclically). This property gives a simple rule for working 
out the shortest route in practice. 





Fig. 1. 


These properties may be proved true for all N, by induction. For in the 
game with (n +1) weights Wy... W,, so long as the weight W,, is not moved, 
the other moves will proceed exactly as if W, was not there. Thus we see 
that the network N,, will contain within it three networks of form N,_,, one 
corresponding to all moves in which W,, is on pile a, one for all moves with 
lV, on pile 6, and one with W,, onc. The remaining lines of .V,, will corre- 
spond to moves of W,, and there will be three of these—one of colour a (in 
which all smaller weights are on pile a, i.e. joining two end positions of the 
smaller networks .V,,,), one 6 and one ec. Thus the form of N,, is as shown 
in Fig. 2. And from that it is not difficult to prove the above properties 
inductively. 





Fia. 2. 


3. Trilinear Coordinates. 
_ Now, not only may the network N,, be drawn out in a plane, but all the 
ines of the network may be made of equal length and straight. To sce this 


* This result was suggested by an unpublished general theory due to W. T. Tutte. 
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we will use a direct method of giving coordinates to the nodes of the network, 
This method proceeds in two stages : firstly, we associate with each position P 
a second position P’; and, secondly, by giving suitable values to the weights, 
we take the total weights on each of the 3 piles a, 6, c in P’ as trilinear ¢o. 
ordinates of the node P with respect to an equilateral triangle. 

It is first necessary to define the operation of “ reflecting’ a weight W, in 
a weight W,. This is as follows: if W, is on the same pile as W,, it is to be 
left there ; while if it is on one of the piles different from that of W,, it is to 
be moved to the other such. Thus a move from a to a, or from b to ¢, isa 
reflection in a. 

Now take any position P. Let the smallest weight W, be reflected in the 
weights W,, W,,... W, in order: then let the weight W, be reflected in the 
weights W,... W,, in order, and so on as far as the reflection of W,,_, in W,, 
The position resulting from all these operations will be named P’. 

This operation has the property that 


(P’)’ =P, 


but we do not need that fact here. 

Now if Q is a position which may be reached from P by a (legal) move of 
the weight W,, we may see that P’ and Q’ are different only in that the 
weight W, and the set of smaller weights W,... W,_, exchange places. For 
in P the weight W, must be on one pile (say a), in Q on another pile (say }), 
while all smaller weights are on the third pile (c). All larger weights are in 
the same place in P as in Q. 

Let us consider first the case in which W, is the largest weight : then on 
performing the necessary reflections we see that in P’ W, is on pile a and all 
smaller weights on pile 6, while in Q’ W, is on 6 and all smaller weights on a, 
so that the desired result holds then. But if now there are larger weights 
than W,, the effect of the reflection in these larger weights will be 

(i) as regards W, and smaller weights, simply to give an additional per- 
mutation of the three piles ¢, b, c, the same in P’ as in Q’ ; 

(ii) as regards larger weights, to give the same places for the weights in P’ 
as in Q’, since the smaller weights are not involved. 

Thus again W, exchanges places with all smaller weights in going from P’ 
to Q’. Now give to the weight W, the value 2° (for each s). Then the sum 
of all weights smaller than W, is equal to 2° + 21+... +2’-1=27 -1, so that the 
exchange of this set of weights with W, decreases the total weight on one 
pile by 1, increases that on one pile by 1, and leaves the third unchanged. 
Thus, if we take the three total weights on the three piles in P’ as trilinear 
coordinates of the point P with respect to an equilateral triangle of reference, 
we see that the line PQ is parallel to one of the sides of the triangle, and 
of fixed length. 


4. Some Generalisations. 
(i) The Travelling Diplomats. 


A direct generalisation to 5 piles is the following : 

““In 1943 five European capitals were linked by two circular air-lines, a 
shown in the map (Fig. 3). The services ran in both directions. 

The British diplomatic staff at Praha (whose members were all of different 
rank) wanted to go to Geneva for a conference : but they were bound by the 
rules : 


(a) Each member must always travel three stages by air, for consultation 
at the two intermediate towns. (Thus there is just one town unvisited at 
each move : it may be called the “‘ colour ” of the move.) 
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(b) No member may start from, visit, or end up at a town at which one of 
his subordinates is stationed. 
How was the transfer most quickly done? ” 





This game may be represented by a network as before, which has the pro- 

rtics : 

“ (1) The colours of the lines meeting at each node are all different. 

(2) Along the quickest route, the ranks of the diplomats moved follow the 
same sequence 0, 1, 0, 2, 0, 1, ... as before, and the colours of the moves run 
cyclically round one of the air-lines. 

(3) Each diplomat always travels by the same air-line, and in the same 
direction. 

(4) If we define the town X to be the reflection of the town Y in the town Z 
if the air-lines directly joining XY and YZ are the same, then we may give, 
as in section 3, to each distribution of diplomats five homogeneous coordinates 
with respect to a four-dimensional simplex. The lines in this representation 
will all be of equal length. 

A similar game exists for any prime number p of capitals, and $(p — 1) air- 
lines. 

(ii) ‘‘ Scale of Three’? Games. 

In certain games the order of moves follows the sequence 0,0, 1,0, 0,1, 
0,0,2,... where the 7th number in the sequence is s where 3° is the highest 
power of 3 dividing r. 

A trivial example of this is the game of the “‘ Tower of Hanoi ”’, with the 
restriction that moves of colour ¢ are not allowed. 

A more interesting example is the game played with rules similar to those 
of the ‘‘ Tower of Hanoi ”’, except that there are four piles of weights, a, b, c, d, 
and the moves allowed are those from a to 6, from b to c, from c to d, and 
from d toa. The initial position is the one in which all weights are on a, and 
the final one has all weights on c. The above sequence of weights provides 
the solution. 

It will be noticed that the moves are not reversible in this game, and so if 
we represent it by a network as before, the lines must have a sense assigned 
to them. 


(iii) 4 Plane Network Game. 

Another game which is similar to the “‘ Tower of Hanoi ”’ in having a plane 
network is the following one. It is played with three piles, as in the “‘ Tower 
of Hanoi ’’, but the moves consist in the interchange of weights W, and W,.,, , 
so long as they are the smallest weights on their respective piles. ‘The weight 
W, may be moved without restriction. 
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The total weights on the three piles may be taken as homogeneous co. 
ordinates of the node representing any given position. The lines then become 
parallel to the sides of the triangle of reference, but are not all of the same 
length in general. This network is shown in Fig. 4. 
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5. Chinese Rings. 
A more complicated form of “‘ Chinese Rings ” than the usual version, with 
a slight variation in construction, is shown in Fig. 5, in a diagrammatic form. 











Fia. 5. 


A row of nails is driven into a piece of wood, and several horizontal rows of 
rings are dropped over them in the manner shown in the figure (where there 
are two such horizontal rows) each ring surrounding two nails. The rings 
of the top row and the right-hand end rings of the other rows must be actually 
attached to the right-hand nail which they surround ; otherwise enough 
clearance is to be left between the rings and nails to allow a loop of string to 
pass. A loop L of string is passed through the lowest row of rings after 
the manner shown: the problem is to get it free from the rings and nails 
without untying the loop: or, more conveniently from the point of view of 
theory, given a free loop of string, to get it into the position shown. 
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We shall eall the system of rings with » horizontal rows the ‘* nth order” 
rings. The rules which these rings obey are: 

(i) in any row, if the string does/does not pass through the first ring of the 
row, it may be taken out/put through it (respectively). (The rings are 
numbered from left to right.) 

(ii) If the first rings that the string passes through are the rth rings of the 
sows | to s in order, numbering from the top row down, then it may be made 
next to go through the (7 +1)th ring of row s, if it does not already do so ; 
while if it does, then it may be taken out. 

Thus the first order rings are equivalent to the *‘ classical ”? Chinese rings. 
Accordingly, by the usual theory (see Rouse Ball) we may get the position 
of these rings after m moves in = following way : 

Firstly, write m in the scale of 2, so that 


M =My + 2m, + 22m +... +2"M, + 


Secondly, between each two digits of the sequence (mgm m,...) let us put, 
say, a point (-) if the digits are alike, and a cross ( x ) if the digits are different. 
In this way we get a sequence, of points and crosses, S,, ; ¢.g., from 9 we get 
the sequence of digits 100100 ..., and so S,= x: x x-+-:.... If now we take, 

) to be a sign for “ string through ring ”, and (-) a sign for “‘ string not 
through ring ”’, then the sequence S,, applied to the rings in order from left 
wo right gives in fact the position of the first order rings after m moves. 

From this we may see how to solve rings of the nth order, by induction 
wer rn. Suppose that for rings of order n —1 we are able to get the string to 
yo through any sequence of rings in which each successive ring is neither 
ibove nor to the left of the preceding one. 

Consider first the position (7',,, say) in which the string passes only through 
rings of the lowest row of the nth order rings, and through those according 
to the pattern represented by S,,.. Then in order to get from position 7’ 
to T’,,., we must, by the rules (i), (ii), stated above, either 

(2) put the ring through, or take it out of, the first ring in the lowest row 

and this operation is always possible, or 

(8) if the first ring through which the string passes in position T',, is the 
rth from the left, we must build up the position in which the string first passes 
through the rth rings of rows | to (n-1) in succession—this operation is 
always possible by the inductive hypothesis—then put the string through 
or take it out of the (r +1)th ring of the lowest row—and then reverse the 
first set of operations so that the string is taken out of the upper rows of rings. 

In this way we may get to the positions 7',, 7’,, 7’, ... im succession ; i.e. 
te any arrangement of the string on the lowest row of rings. 

Thus, for example, the successive positions of the second order rings will 
be the following (in which the two rows of points and crosses represent the 
position of the two rows of rings). 


m 


Positions of Second Order Rings. 


h = hf [| = 4-5. | @hx Gy, 
(2) CG: |. @= €@:: | @@= By 
(3) ba | (83) = (%%: (13) = 7 (°.. 
S=- €§:.: + We £2. (14) = T, (;.; 
6) = %( | a= (3%; 


Now suppose we wish to get any position of the nth order rings in which the 
‘tting has to pass through some of the other rows before passing through 
H 
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rings of the lowest row. We may get it into this position by first making 
it pass through the desired rings in the lowest row, according to the above 
scheme, and then get it to pass through the rings of the higher rows—as js 
always possible by the inductive hypothesis. 

Thus if it is possible to get any position in the (nm - 1)th order rings (subject 
to the restriction stated above), it is possible in the nth order, and so by 
induction for any order. In particular it is possible to get the string to 
pass through all the rings of the lowest row, which is the object of the game. 


6. Number of Moves. 

We will now get an expression for the number of moves needed to solve 
the nth order rings. We first introduce the function ¢,(m) =number of 
moves required to get to position 7',, in mth order rings, starting from 1, 
with the loop free of the rings. Thus 

BAT =1 GR GMB) HM. win ccccccsessevssessscseness (1) 
Now if m<2*, the moves from 7’, to T’,, are identical with those from 7, 
to T.,,K, Where K =2*, so that 
Pee ee Le eres (2) 
So if we put m into the scale of 2, so that 
m =2%+20+...42°, a<b<...<e, 
we have $,(m) =, (2%) +4,,(2") +... py (2). ...cecececrecssereees (3) 

Thus it is sufficient to consider the values of ¢,,(2*). 

Moreover, we know that to get from position 7’s_,, where § = 2°, (in which the 
string goes only through the sth ring of the lowest row) to position 7's (in 
which it goes through rings s and s+1) we have to perform the following 
operations : 

(i) Pass the string through the sth ring of rows n — 1, n — 2, ... 1, in order: 
this accordingly will take [¢,_1(2° — 1) +¢,_2(2°- 1) +... +41(28 — 1)] moves. 

(ii) Move the string through ring s +1 of the lowest row ; one move, and 

(iii) Reverse operation (i). So we have 

$n (2°) — bn (2° — 1) = 2$y_1 (2° — 1) +... +26,(2%-1) +1. 
Putting s +1 for s in this equation, and subtracting, we get by (3) 


dy (25+) — 24, (2°) =24,,_1(2%) + 2p, 2(2°) +... +2h1 (2%). 20... eceees (4) 
Or putting a ar) tO rower css cxuisice scores sce sensoumncanet (5) 
we have from (1) 
Ce ae ne eeee a aienanencaan (6) 
and from (4) 
fy, (8 + 1) =f, (8) + y_1 (8) +... +o (8).  crcccceccececeees (7) 
But the function satisfying (6) and (7) is 
pn (8) =n(n +1)...(n+8-1)/s!=(n +), (Say).......... ieteeg (8) 
so that $y (2°) =2°5(n +),. 


Now the position which we wish to get to is that in which the string passes 
through all the rings of the lowest row (say k in number), and this position 
7’, where r = 2*-1 + 2k-3 4... +21 (if k is even) or ...+ 2° (k odd). 

Thus the number of moves required is : 


Un (k) =2k-1(n + ea a 2k-3(n + Ye OF ots e “saestecindeascecneneer (9) 
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king If desired, the sum of this recurring series may be put into the alternative 
bove ff forms (by the usual methods) : 
as is n 
, uy, (2g — 1) =4[49 2'{ - 3-8 -( - 1)5}(2¢ +)n_s + (- 1)" +3). 
ject s=1 
> by —. 

g to Uy (2g) = 344 2 {3-$ - ( - 1)9}(29 +)p_s +(- 1)" - 3]. 
s=1 
me, 
From either form we may get the following table of values of w, (hk): 
solve Number of Moves per Game. 
T of —— 
aT, aa re n=numbter of rows of rings 
| rings per row l 2 3 4 5 
...(1) .. 
1 Tr 1 1 1 1 1 1 
2 2 4 6 8 10 
: 3 5 13 25 41 61 
(4) 4 10 36 86 168 290 
{ 5 21 93 265 601 1181 
6 42 228 758 1960 4322 
...(3) B | 7 85 541 2057 5977 14621 
h the 8 170 1252 5366 17590 46562 
' (in 9 341 2485 13577 48217 141341 
wine 10 682 6372 33526 130230 412642 
mes R. 8. SCORER. 
— P. M. Grunpy. 
ve Cc. A. B. Smrru. 
and 
CORRESPONDENCE. 
REFERENCE FOR SIMILAR TRIANGLES. 
To the Editor of the Mathematical Gazette. 
(4) Sir, Referring back to some correspondence on notation for similarity, 
...(3) which appeared in the Gazette, Vol. XXIII (1939), I note that Mr. G. H. 
Grattan-Guinness proposed the symbol |||... This symbol was used in a text- 





book, A New Geometry for Schools by George Lawson, published in 1914 by 
Messrs. W. & R. Chambers. I was myself a pupil of Mr. Lawson, who taught 
me to use this symbol, and I have always used it in my own teaching. 

I agree with Mr. Grattan-Guinness as to the advantages of using this sign, 
and would like to see it more widely adopted. Yours, etc., M. P. BoyTErR. 










1450. Most of [the subjects in education] are concerned with what I have 
called sub-ordinate purposes or ends. Mathematics, for instance. The pupil 
learns it in order to become an engineer or an accountant or to add up marks 
or his house books or for some similar purpose ; and also perhaps because it 
trains the mind. But mathematics is not concerned with the ultimate end of 
life; no one is the wiser about that for the hours he spends with Godfrey 
and Price’s Arithmetic or Durell’s Geometry.—Sir Richard Livingstone, The 
Future in Education (Cambridge, 1941), p. 117. [Per Mr. F. W. Kellaway.] 
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BRITISH AND METRIC SYSTEMS OF WEIGHTS 
AND MEASURES. 
(A brief review of the growth of the systems, and of the attempts to 
displace the former by the latter.) 
By F. W. KeLiaway. 


Tue need for fixed, uniform, standards of Weights and Measures was early 
acknowledged in this country. Phoenicians, Saxons, Scandinavians and 
Romans had each brought some system of measurement, but inevitably 


variations throughout different parts of the land were rife. In the reign of 


King Edgar, some 100 years before the Norman Conquest, a law required a 
set of weights and measures to be kept at Winchester, and William I, acknow. 
ledging these standards, tried to preserve them by a decree stating that they 
should be used in all parts of the country. This did little more than accentuate 
the irregularities. 

Then in the thirteenth century came a genuine attempt to mould a single 
system out of the chaos. The forty-first section of Magna Carta stated that 
there should be only one weight and one measure throughout the whole realm, 
while during the reigns of Henry III and Edward I ordinances fixed such 
relations as those between, for example, the foot and the yard (although these 
terms, as such, were not used). Gradually thereafter a number of the * cus. 
tomary *’ measures were abolished. These, as is well known, were based on 
lengths having a bearing on the human body, e.g. the so-called ** yard and 
handful ”’ or forty-inch ell which was declared illegal in 1439. 

The system being established, it remained to construct standards. Henry 
VII and Elizabeth caused ** standard yards ’’— graduated rods of brass—to 
be made, that of the former being 35-963 inches in length, that of the latter 
very nearly 35-99 inches. This Elizabethan standard was used until the 
nineteenth century, although at some time towards the end of the eighteenth 
it had been accidentally broken and jointed together again. 

Similarly there were commonly accepted standards of weights and capacity, 
but of course there was with them no guarantee that they should be invariable 
owing to the artificial basis on which they were constructed, e.g. the “ corn 
bushel”? was simply any convenient container—-even sometimes merely the 
estimated size of a heap. This was a particularly glaring source of trouble ; 
even at the beginning of the nineteenth century there were over twenty 
different sorts of bushels used in dry measure. 

There is little to note in the years 1600-1750, but at the end of this period 
there were signs of reform. A Committee of the House of Commons was set 
up in 1758 to consider the whole question. A Mr. Bird constructed a troy 
pound in that year and on this basis the Committee recommended a standard 
of weights. They had before them also a brass rod made on behalf of the 
Royal Society in 1742. The Committee (in 1760) had made, also by Mr. Bird, 
a ‘yard’? based upon this and on an old measure which had been found in 
the Tower of London. This 1760 standard was later to be incorporated in an 
Act of Parliament of 1824. 

But meantime standardisation of the French system had come to the fore. 
A report to the National Assembly at Paris proposing the system had been 





presented on 17/3/1791 and accepted on 7/4/1795. ‘Then on 8/5/1796 proposals 
were made by the French Government to the British that the Academy 0! 
Sciences and the Royal Society of London be equally represented at a meeting 
to decide upon the length of a pendulum vibrating seconds of mean time. 
This proposal, possibly because of the period in which it was made, was 
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practically ignored (though James Watt worked strongly in favour of accept- 
tance) and the joint project lapsed. The French thereupon set up a commis- 
sion of their own, and this decided that one-quarter the length of the meridian 
was a preferable fundamental standard. Measurements (which we now know 
to be somewhat inaccurate) were accordingly made and the whole system 
based upon them worked out and adopted by the beginning of the new 
century. 

It is of interest to note that the metric system did not receive any en- 
thusiastic weleome in France. Indeed, so great was the aversion to it that on 
98/5 1812 an intermediate system (‘* Systeme Usuel ”’) of divisions and names 
was “tolerated’’. This included the names of the old measures, while, by 
slight alteration, their values were made to bear certain definite proportions 
to the corresponding decimal system. In addition the ‘* Ancient System ”’ 
still had some currency. This state of triple affairs persisted until 1840 when, 
as from the first day of that year, all other scales were abolished and the 
pure decimal system enforced. 

We now come to modern developments in Great Britain. The French 
proposals of 1796 did eventually lead to some discussion in Parliament, and 
in 1814 a commission was appointed to consider the possibilities of decimalisa- 
tion, but reported against it. Then, in 1824, a somewhat comprehensive list 
which may be said to have founded the *‘ Imperial System” of weights and 
measures was passed (5 Geo. IV, Chap. 74). This adopted the ** yard ” con- 
stituted in 1760, and further directed that should this be lost it was to be 
replaced as a result of measurements made with a * seconds ’? pendulum 
(thus theoretically fixing the standard, as had the French, by its relation to 
some “unchangeable *? phenomenon of nature). At this time the further 
step was taken of comparing the length of the standard yard with that of a 
pendulum vibrating seconds in the latitude of London (at 62° F., in vacuo, 
at sea-level), with result the ratio 36 : 39-1393. This same Act also prescribed 
the imperial gallon as a measure containing 10 lb. avoirdupois of distilled 
water weighed in air at 62° F. with a barometer reading of 30 inches of mer- 
eury, While the ‘* imperial troy pound ”’ was to be based on the 1758 pound. 

This Act came into operation on 1/1/1826, but failed to produce satisfactory 
uniformity in practice, and it was not until the introduction of the Act 5 and 6 
Wm. LV, Chap. 63 (9th September, 1835), that they were generally adopted. 
This Act abolished local and customary measures and also the ** heaped ” 
measures. It further prescribed the imperial standard yard and gallon as in 
the 1824 Act and declared 7000 grains equivalent to the avoirdupois pound 
(the old troy pound of 1758—5760 grains—being also retained). 

Meanwhile the fire of 1834 had destroyed the Houses of Parliament and 
with them the existing standards, so that the 1835 Act, merely as a temporary 
measure, based its standards on a collection of other existing scales, etc. 

Then in 1838 a Scientific Commission *‘on the standards of weights and 
measures ’? was appointed by the Government. The commissioners included 
Airy, the Astronomer-Royal, and the Master of the Mint. They reported (on 
21/12/1841) against the use of the ‘“‘ natural’ constants (the length of pen- 
dulum or meridian) on the grounds that they would not reproduce the values 
of the original standards without sensible error. They thought it best to 
adopt a brass rod and a brass weight to be made from the best existing copies 
of the existing standards. The commissioners further recommended that the 
avoirdupois pound be taken as the unit of weight, while the troy pound, 
together with all avoirdupois weiguts over 10 Ib., be abolished. This was a 
move towards their advocacy of decimal scales. That for weight was to be 
based on the avoirdupois pound ; that for length on a milyard or mile of 
1000 yards, and that for capacity on a ten-gallon measure, other existing 
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measures to be incorporated in such manner as proved most convenient and 
best adapted to the system. Finally we may note that the commission 
‘** invited the Government ”’ to observe the advantage and facility of a decimal 
coinage. 

The inevitable time lag occurred before any action was taken. In 1843 
the commissioners were given the further task of restoring the lost standards, 
but some ten years elapsed before they were satisfied. Their findings were 
adopted and legalised by 18 and 19 Vict., Chap. 72—the Standards Act of 
1855. This included the definition (of what is still the standard yard of 
Great Britain) in the form that the straight line or distance between the 
centres of two gold plugs—found by special rulings—in the bronze bar de. 
posited in the office of the Exchequer shall be the genuine standard yard at 
62 degrees Fahrenheit, and if lost shall be replaced by means of its copies, 
The bar, designed of a special bronze or gun-metal known as Baily’s metal, 
was some 38 inches long and of one square inch cross-section. Baily’s metal 
comprised ‘‘ Copper 16 oz., tin 23, zine 1”’. 

The 1855 Act further stated that the platinum weight deposited in the 
Exchequer shall be denominated the imperial standard pound avoirdupois, 
and that the one-seventhousandth of it shall be a grain, while 5760 grains 
shall denote one pound troy. 

There still remained some agitation for a metric system, and only a few 
years after 1855 a select committee reported in favour of it. The question of 
abandoning the now-reformed imperial system seemed to have been dropped, 
but in 1864 the “‘ true length ’’ of the metre was legalised by Act of Parlia. 
ment as 39-37079 inches, the Act at the same time making the use of the 
metric system generally ‘* permissive ”’ 

The whole matter was summed up again in 1878 when the Weights and 
Measures Act (41 and 42 Vict., Chap. 49) ‘‘ regulated ” the existing laws and 
abolished all old, local and customary measures. (This is incidentally a clear 
indication of the difficulties inherent in any reform of an established system ; 
the customary measures were legally abolished in 1855, but had survived in 
such force as to call for reiteration of the banishment.) 

The struggle for a metrical system was not over. Its advocates made 
repeated efforts in its favour until in 1895 a select committee of parliament 
was appointed “to reconsider and introduce the decimal system”. The 
committee recommended that after a lapse of two years the metric system 
be rendered compulsory, that it be taught in all public elementary schools 
as a necessary and integral part of arithmetic, and that the study of decimals 
be introduced into the school curriculum at an early stage. Shortly after- 
wards the system was introduced, but only as a companion to the existing 
imperial system. The dual scheme was legalised by an Act of 27/5/1897 
(60 and 61 Vict., Chap. 40) and Orders in Council dated 19/5/1898. 

Another serious attempt was made to abolish the imperial and leave solely 
the metric system by a Bill in 1904 which successfully passed through the 
House of Lords. This provided for the establishment of metre and kilogram 
as from 1/5/1909, but the measure was never introduced in the House of 
Commons. 

Each world war has re-created, for obvious reasons, the demand that 
Great Britain shall accept a decimal system of weights, measures and of 
coinage, to the exclusion of all others. At present there seems no likelihood 
of such a plan succeeding. (The results of the attempt to introduce the 
‘* 24-hour clock ’’ should not be overlooked.) The desirability of it from the 
viewpoint of the general public has never been fully established, although 
the advantages may not be minimised. F. W. K. 
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MATHEMATICAL NOTES. 


1727. Extension of Simson’s line. 

1. The converse of the Simson’s line property is that if a transversal be 
drawn to cut the sides BC, CA, AB of a triangle ABC in X, Y, Z respectively, 
and if perpendiculars are drawn through X, Y, Z, to BC, CA, AB, and if 
these perpendiculars meet in a point, then that point is on the circumcircle 
of ABC. We know that this will happen only if the transversal touches the 
curve whose polar equation is r? +8p?=9R?/4, where FR is the circumradius 
of ABC and its nine-points centre is the pole. 








B' 
Fig. 1. 
In general a triangle A’B’C’ will be formed directly similar to ABC, while 
AA’, BB’, CC’ must meet in a point P. This point is on the circumcircle 
of each triangle, for we have the angle relations 


PAC =A’'ZY=PBC, and A’PB=ACB=A’'C'B’. 


Let P’ be the other point of intersection of the cireumcircles, and join 
P'A, P’A’, P’P. Then 

PP’A’ =PB’A’ =90° - ABP =90° + PP’A ; 
that is AP’A’=90°. 

Similarly BB’, CC’ subtend a right angle at P’. Again, the tangent at P’ 
to the cirele A’B’C’ makes with P’P an angle equal to P’A’P in the alternate 
segment, and the tangent at P’ to the circle ABC makes with P’P the angle 
P’PA’ in the alternate segment, while the difference of these angles is AP’A’. 
The circles therefore cut orthogonally. Moreover A, Z, A’, Y, P’ all lie on 
acircle, that is, the circle A YZ passes through P’ ; so that P’ is the common 
point of intersection of the four circles ABC, AYZ, BZX, CXY. 

If 0’ be the cireumecentre of A’B’C’, and O, that of BZX (that is, O, is the 
midpoint of BB’), O’O, is perpendicular to the common chord P’B’ of these 
circles while O,O is perpendicular to the common chord P’B of the circles 
ABC and BZX. But P’B’ is perpendicular to P’B, and hence the angle 
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0’0,0 =90°. Also O’P’O0 =O’PO =90°. Hence O’ and P both lie on the 
circle through the cireumcentres of the four original triangles. 

If then each of the four lines is used in turn as a transversal of the triangle 
formed by the other three, and new triangles are formed according to the rule, 
the eight circumcircles meet in a point (P’); while the eight cireumcentres, 
the four centres of perspective and P’ all lie on a circle, of which corresponding 
pairs of circumcentres are opposite ends of a diameter. Moreover each. pair 
of corresponding circumceircles cut orthogonally. 

2. A geometrical proof of the fact that X YZ bisects the distance between 
the orthocentres of ABC and A’B’C’ was given by the present writer in the 
Gazette, XII, p. 440 (July 1925); but the proof is very difficult. This and 
other properties are far more easily obtained analytically, once the essential 
equations have been obtained. 

We take the transversal as axis of x, and the sides of ABC as 

a,«+b,y+c,=0, r=1, 2, 3. 
Then the sides of A’B’C’ are b.« -a,y +c¢,b,/a,=0. If H be the orthoceutre of 
ABC, W the orthopole of the transversal with respect to ABC, and P th 
centre of perspective of ABC and A’B’C’, we have the following results, the 
capital letters denoting as usual the minors of small letters in the determinant 
(a,b,¢3). 
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YH = 2 (ad, +byb5)b,c,/CC 3. 
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“1 2 (aot, tT babs) aye, CLC 3, 


xy =2b.b; . a,c,/C.C3, Uw =2b,b, . b,c; /CC 3. 


Lp= —2X (aby +ayb.)b,c,/C.C3, yp=X' (aed; —b.b;)b,c,/C.C3. 
If a,’x +b,’y +e,’ =0 are the sides of A’B’C’, we have 
, , , 
a =o, 6%= =a, 6) =be-/a,; 
Hence Cis, @nd 62¢/=—6,¢.: 
: b? , 
Ky’ = 2a, + bob3)> *-+¢€,/CsC's, YU = 2 (As + babs) (- byes) CLC, 
a, 
. a : 
vy? = Leds" CLC, Yin? — Xa,as( —b,¢,) (CLC; 











From 


From (i 
From 
Fre mm 


We al 


that is, 


To ine 
to cons! 
the tran 


in which 


Put y 
If .W/ 


Also if . 


and if A 


Hence 


Hence f 


1728. 
Mr. 2 
such as 


ing 
alr 


en 
the 
ind 
lal 


of 
thy 


the 


Ant 





MATHEMATICAL NOTES 109 


From these equations we obtain 


i S| Sn i oslalaearereratatastnneie sisieister (i) 
iy — i Sie. sccaseauedocaewepbanmeasenvaueie (ii) 
er Sie FG HOE, sa scccitaciesarciematerenposiremsneodeoiee (iii) 
Vy Vag Bp = HAC pA) svc wnccvecwenwcseacwenee (iv) 


From (i), the transversal bisects the join of the orthocentres. 
From (i) and (il), Yu ~2yw =Yu' -2yW', 
From (iii) and (iv) the centroid of P, W, W’ is that of X, Y, Z. 
We also have 


, nT a 
Ly — Ly =A4A,d,Xc,/CLC 5, YH ~ YW HG1024 32 /¢ C5. 
ay, 
bye, / Y ’ , ’ 
ry — vy =b,b bse (OCs yu -ywe= —OibsbsXe,/C.C3. 
a, !/ 
Hence (vy — ey) (eq - ey) + (Ya -ywiy - yw’) =93 
that is, H’W’ is perpendicular to HW. 


The Simson’s lines of P with respect to ABC and A’B’C’ are 

y=Ypt+yw, and y=yp+yy", respectively, 
that is, yt+yy=0 and y+yy=9,_ by (iii). 

To find where the join of the orthocentres cuts the transversal we require 
to consider the midpoints of the chords cut off the circles ABC, A’B’C’ by 
the transversal. The equation of the cireumcircle of ABC is 

2'(a,? +b,°)C; (agar + byy +¢2) (age 4 bsy +¢3) =90, 
in which 20,4, (a,? + b,2)C, =2Lb.b5(a,2 +.6,?)C, = —CyO Cg. wcrevecsene (v) 
Put y=0; the coefficient of x is Y(a,? +b,*)Cy (c.a5 +€34¢). 
If. is the midpoint of the chord 
= P Re bs a ee 
xu =}2a,a,(a,? +b,7)C, + 1 C,CC3. 
‘ Gs a7! 
Also if 17’ is the midpoint of the chord cut off the circle A’B’C’ by y =0, 
vy = 1Zbobs(a,2 +6 2)C & CC. 
“ 2 23 1 1 1 ts \ ds ag oo 
and if A is the midpoint of HH’ 


c, | 
LK = $2(aya3 + bybs) (a, + by) C, 4 C,C.C;. 
ay 
| yy 2 ayet (C0. C2. CaN Weg 
Hence ayy +agye +aK =32(a,a3 +bob3)(a,2 +b,2)C, + + /¢ 1C.C's 
Qi, Gy Gs 


2 


C, Ce C3 
= =f ' +— J], by (v). 
Qa, Gs Gs 


Hence A is such that the centroid of M, M’, K is identical with that of X, Y, Z. 
N. M. GIBBINs. 
1728. Integral cyclic figures without diameters as diagonals. 
Mr. brewster has very kindly pointed out to me that Pythagorean triangles, 
such as [ used, are only particular cases of triangles with rational cosines. 
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If cos A =A, then x* =a? +b? - 2/ab, and if we put x =a +p, then 


p* + 2ap =b? - 2iab, 





or a=(b?-p?)/2(p +b), 2 =(b? +p? +2Apb)/2(p + Ab). 
A 
a b 
x 
rR 
D y B 
d C 
Cc 
Fic. 1. 


Giving 6, p and 4 any suitable values, for example, 2, 1, and 3, respectively, 
we get a=}, 2= 3; or we can take a=3, b=8, x=7 (since 3? + 82 - 24 =7%), 

Now if C=z-A, cos A = -cos C, and hence y? =c? +d? + 2Acd, and if we 
put y=c+q, 

ce =(d? -q*)/2(q-Ad) and y=(d?+q? -2ddq)/2(q -Ad). 

Putting d=3, and q=2, then c=5, d=3 and y=7, where 5? +3? 4 15=7', 
In this case 2 and y come out to be equal, but if they did not, we could replace 
them both by their lowest common multiple, by multiplying each triangle by 
a suitable factor. 

Mr. Brewster thus gets an interesting cyclic quadrilateral (Fig. 2), the centre 
of whose circumcircle is outside the figure. By calculation, the other diagonal 
is 39/7. When Mr. Brewster sent me this, two things struck me. One can 
turn one half of the quadrilateral thus obtained, using either diagonal as | 
used the diameters in Note 1624. 











Fra. 2. Fig. 3. 


It can be shown in a number of ways that EB =7 (Fig. 3) and that EBD 
is an equilateral triangle. One can thus get some interesting figures not 
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expected at the outset. In Fig. 4, no side or diagonal is greater than 8 units. 
The diagonals parallel to the sides are 8 units, the others are 7. 











7 7 
3 3 
5 3 5 
¢----- 8 terre 
Fic. 4. Fia. 5. 


With a little ingenuity and re-arrangement of the pieces of these figures, 
and also by taking different values of b, p, A, etc., at the outset one can get a 
multitude of figures which need not be given here. 

The second point that struck me when Mr. Brewster sent me the quadri- 
lateral in Fig. 2 was that not only are the opposite angles of a cyclic quadri- 
lateral complementary, but so also are the interior and exterior angles of any 
triangle. Starting with this, there was no difficulty in obtaining a number 
of unexpected integral-sided figures, at least two of which might be of use 
to puzzle makers or Meccano enthusiasts. 


1 21 
5 9 9 


15 9 15 
5 
40 56 
3 


Fia. 6. Fia. 7. 














This last figure is interesting, since it turns out to be Mr. Brewster’s figure 
obtained by a slightly different way that has the advantage that it shows that 
not only are all the sides and diagonals rational, but the diagonals also inter- 
sect at a rational point. I believe that this is rare, or even impossible, in the 
integral cyclic figures obtained by my previous methods. 
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Figs. 4 and 6 can be combined to form an interesting kind of net or lattice 
full of cyclic figures, while Fig. 5 is a rather nice Meccano roof strut. 

C. DupDLEY LANGForp. 

1729. Trisection of an angle. 

An exact, simple and useful method for the practical draughtsman is given 
below. The construction is not Euclidean, but in most cases the draughtsman 
does not use Euclidean methods but rather simpler methods to avoid too many 
possibilities of inexactness. For example, he draws a parallel to a given 
line by moving a triangle along a ruler. 





A 


To trisect the angle BDP, draw the circle C of centre D. Mark the distance 
EK = DP, the radius of C, on the ruler R,, from the end £. Place the ruler R, 
along DB. Shift the ruler R, with its end # on FR, until the point J is on the 
circle and R, passes through P. Then the angle BEP =4BDP. 

For, if . BEP =f, then . KDE =f, since DK =EK. 


Thus, i:DEP =28, 

and LDPE =< DEP =26. 

Hence 2 KDP =180° - 48, 

but LKDE=f8. 

Hence 2 PDE =180° - 38 

and 2 PDB =38. J. Popper. 
1730. On bisecting a triangle by a straight line through a given point. 
If ABC is the given triangle and V the given point, then three different 

constructions are indicated in Figs. 1, 2, 3. 
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In Fig. 1, BT! =}BA, VXY is parallel to BA, CZ is parallel to X7', and 
qU2:=\V Y¥2-VX?*. This method was shown to me by Colonel Strickland of 


ORD. y Repton. 
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In Fig. 2, BA’=A’C, the triangles BLA, BA’V are directly similar and 
VM is parallel to BC. The circle MVL cuts AB in U. This is substantially 


the same as that given by Mr. J. Travers in Note 759, Gazette, XII, March 
1925. The proofs of these constructions should not be beyond a good School 
Certificate set. 
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In the third construction, VU and V W are a pair common to two involution 
pencils, the tangents from V to the 4-line system of conics BC, CC’, asymptote 
BA and the tangents from V to the system BC, AA’, asymptote RA. 

Incidentally these constructions provide a good refutation of the fallacy 
that because one construction takes longer than another to describe, it takes 
longer to draw. R. C. Lynegss, 

1731. On u,,.Up_1 =U,? + pu, +q. 

The following results make good exercises in induction. «w,,, is calculated 
from a knowledge of wu, and u,_, and the formula 

UnsyiUn_1 = (Uy, — 6) (u,, — 12). 

If u,;=2, u, =5, then u, =4[1 +( - 4)"). 

If wu, =2, wu, =10, then uw, =$ +( —)"(8n — 3). 

If wu, =2, us = 20, then u,, =9n(n - 1) +2. 

If u, =u, =4, then uw, =4. 

Slightly harder ; if u,,,,#,_1 =U,? + 3u, — 12, 

u,=1, u,=2, then u,=3./3. sin Ina -cos 4nz - 3. 
u,=1, u,=3, then u, =76(7 . 3"! - 3) +2. 

The conditions under which uw, converges when 


= 2 
UnspiUn_1 =Un” + PU, +d 
are interesting. We assume u, ~ 0 as otherwise u,,. is indetermiaate. Then 
u, converges unmonotonously if and only if 


2(k-1)u, -—p 


+2 Ne SE — p-2 
k?>1, and iis -te. k{1+./(1 -—k-?)}, 
where k= {u,? +u,? +p(uy +Ueg) +g} /2uyte. 
If k =cos (2l7/m) where J and m are co-prime integers, U,, , =U, 


"C. LyNEss. 
1732. A, property of the probability integral. 
1. Suppose a function f(x) is defined by the functional equation 


ay ate) +£Y) 
f(x +9) = TFley) ’ SITTTTTITITT LITT TTT Tree ere (1) 
and the limit property 
BUN SII eg, | sectivecsinnencenssnniatamnbansnnuen (2) 


a given constant. Then 
_ f(x) +f(h) _ _Sf(h)+f (x). f (ah) 
f(x +h) -f(x) = 1-f(ah) F(z) ~ L=f(zh) 





Moreover, as h—0, 


Sf (h) f (xh) : 
~—— “ep and « “ah He 


while, from (2), f(wh)-0. Hence 
tim £4) -F@) 





_ =p{l+af(z)}, 
h—0 h 
and z=f (a) is a solution of the differential equation 


lz 
7a Hd Se EO ea tee SRR” (3) 
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d . ; 
{e-hue?z} = pe due’, 
Le. dx r } lied 


x 
Therefore, z=elue* , pl CMO Bs seas saivcsscalsbcgucoupionmee (4) 
-k 
where & is a constant. But, from (2), z=f(z)>0 as x0, and therefore, 
since the integrand in (4) is always positive, k must be zero. 
Accordingly, the function defined by (1) and (2) is 


F@)= perue?|” e— tux’ da, 
‘0 


and the function so defined when p =2 is 


(2 2 
2¢er*| MGR, epuasancnscsanssecdsinadeceeeawsenaiee (5) 
“0 
2. It may be noted that 
f(x) +f(Q) 
x+1)=——_—_-,, 
feet -fe) 
and the values of f(z) when 2 >1 can be deduced from the values of f(x) 
when 0<a <1. W. K. HaYMANN. 


1733. Points at infinity. 

In the Math. Gazette, January 1929, p. 285, Dr. Bromwich pointed out a 
case in which the usual application of metrical relations to points at infinity 
led to an ineorrect result. Newton’s theorem states that if POQ, P’0O’Q’ ; 
ROS, R’O'S’ are two pairs of parallel chords of a conic, then 

OP .0OQ/OR .OS =O’P’ .0’Q’ /O’R’ . O'S’. 
Taking S and therefore S’ to be a point at infinity on the conic, say Ho, 
the usual relation OH /O’H»=1 would lead to the result that if OR, O’R’ 
are parallel to an asymptote, OP .OQ/OR =O’P’ .0’Q’/O’R’, which is not 
correct. 

There is a still simpler illustration which may further shake the confidence 
of the student when using points at infinity. Let A, B be points on two 
paralle! lines AP, BQ whose common point at infinity is C», and let O be a 
point on AB produced such that AO=2BO. Then any line through O meets 
the parallel lines in P, Q so that AP/BQ=2. As the line through O tends to 
parallelism with the two lines, P and Q both tend to Cx, and in the limit we 
should expect to get AC» /BCx =2. 

An illustration involving segments on the same line is not so easy to make 
plausible. Suppose however that the ends of the major axis, centre and 
meets of the directrices with the major axis of an ellipse of eccentricity e are 
A, A’, UC, X, X’,. Then AA’/XC=2e. Let A’ tend to the point at infinity 
on the line, say Ka. Then C also tends to Ko, the ellipse becomes a parabola 
and e--1. Thus we have 

AKe |XKo aie. 


The same explanation will suffice to account for all these and similar cases. 
The point at infinity on a line is used in certain metrical expressions when 
these have a meaning as a point continuously moving on the line tends 
to infinity. In particular an expression of the form AP»/BPs means 
lim(AP/BP) as P tends to infinity, and it is important to notice that it is the 
same point which must tend to infinity in the numerator as in the denominator. 
In the foregoing illustrations in each case there are two different points which 
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tend to intinity (although to the same ‘* point at infinity’) and the limit of 
their ratio is not necessarily equal to 1. They are of the form lim (41/’/BQ), 
The reason is of course analytically obvious, but this consideration provides 
a safe criterion as to whether or not it is correct to write down AP, /BP,, =|. 
Thus in the case of Newton’s theorem, as the lines OS, O’S’ are made to 
move continuously round O, O’ into pazallelism with an asymptote, S, §’ 
are different points. It may of course happen even in this case that 
lim (OS /O’S’) =1, as was shown by Dr. Bromwich to be the case for the 
parabola ; but this is a special case. 
In the case of the two parallel lines in the second example, if a transversal 
AR meets the second line in R, then 
AR sinOBR 
BR sinOAR 
and in the limit as R tends to infinity we have ACy,/BC,=1%. This is a 
case wherein the point at infinity on the two parallel lines is the limit of a 
single point R, and the usual rule applies. H. V. MAtuison, 
1734. An analytical verification of Feuerbach’s theorem. 
If B,C are the points (2u, 0), (0, 2v) referred to oblique axes whose angle 
is w, the nine-points circle N of the triangle OBC is obviously 
x? +2ry cos w +y? —(u+2v cos w)x — (v + 2u cos w) y + 2uv Cos w =0. ....(.N) 
Hence Feuerbach’s theorem is expressible in the form, 
If the line x/u+y/v=2 touches the circle 
2* + Zoey cos. + y* — 29 = Sy + 1H, ..ccccesesccccnsedcsces (I) 
then this circle touches the circle N, 
or in other words, Jf the line 
ve + uy = 2uv 
touches the circle I, so also does the line 
(2 —u — 2v cos w)x + (2 —v — 2u cos w)y = 1 — 2uv cos w. 
The line lv +my =n touches J if 
n* (av? + 2ry cos w +y*) —2n(x +y) (le + my) + (le + my)? 
is a perfect square, that is, if 
{(la +my) —n(a+y)}*? — 2n?(1 —cos w) ry 
is a perfect square, and the condition for this, if n + 0, is 
n?(1 —cos w) =2(l—n)(m—n), 
since the square can only be {(l —n)x —(m—n)y}*. ; 
Thus to establish Feuerbach’s theorem we have only to verify that if 
Quv(l — cos w) = (1 — 24) (1 — Bw), ....crcseccvecccsccceses (1) 
then 
(1 —2uv cos w)*(1 —cos w) =2(1 —u)(1 —v)(1 — 2u cos w) (1 — 2v cos ), 
and for this we have, from (1), 
] — 2uv cos w = (1 — 2uv) + (1 — 2u)(1 - 2v) =2(1 -w)(1 -»), 
v(1 —2u cos w) =(1 — 2uv cos w) —- (1 -—v) =(1 - 2u)(1 -v), 


u(1 — 2v cos w) =(1 — 2v) (1-4). 
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Incidentally we have found the equation of the line joining the Feuerbach 
point to the vertex O: 
(l-u)’e_ (1-v)*y 
u(1—2u) v(1-2v)’ 


The tangent from the origin to the circle J has been taken as the unit of 
length. If we replace w by A and 2u, 2v by b/(s —a), c/(s —a) or by b/s, e/s, 
the condition (1) becomes the familiar formula for 1-cos A; if we replace 
w by 7—A and 2u, 2v by -—b/(s—b), c/(s —b) or by b/(s—c),-—c/(s—c), the 
formula is that for 1 +cos A. 

Needless to say, this Note is merely an exercise with coordinates; we 
have learned nothing about Feuerbach’s theorem that we did not know in 
advance, nor could the theorem have been discovered along these lines. 


E. H.N. 





1735. A further note on two entries in Lewis Carroll’s diary. 

In the Mathematical Gazette of February, 1942 (Vol. XXVI, No. 268, p. 52), 
Professor L. J. Mordell quotes two entries from the diary of Lewis Carroll, 
in the first of which, dated Oct. 31, 1890, Carroll records having come upon 
two theorems which he believes to be true, though he cannot prove them ; 
and these, as Professor Mordell points out are nothing more than particular 
cases of the two identities 

4 (x? +y*) = {h(a +y)}* + (e -y) 
and 2(a?+y?)= (a+y)? + (x-y)?*. 

In an entry on Nov. 5th, Carroll records that he has now proved these 
two theorems, without comment on their elementary nature ; and Professor 
Mordell comments that it is exceedingly difficult to take these entries at their 
face value ; and asks if any reader can “ elucidate the mystery ”’. 

A complete explanation may be found, I think, in the opening words 
of the first entry, which are: ‘*‘ This morning, thinking over the problem of 
finding two squares whose sum is a square, I chanced on a theorem...”’. 
It seems evident that Carroll was considering various solutions in integers 
of the equation 2? =x? + y?, and as he says chanced upon the theorem without 
recognising its simplicity ; and promptly entered it in his diary as a possible 
help in formulating some general rule for rapidly writing down integers 
which solve this equation. 

For example, one can quite imagine that by considering various solutions 
of this equation, one might be able to enunciate, without being able to prove, 
theorems such as that if the integers x, y, and z are prime to each other, then 
if z?=x2 +4", z cannot be even ; or again, that for the equation to hold, the 
product of zyz must be a multiple of 60. Of these, the first solution comes out 
quite simply, but the second not so readily. 

Any mystery in these entries seems to lie in the opening lines of the second 
entry, ‘‘ I have now proved the above two theorems ”’, given without further 
comment on the proofs, and suggesting that he has achieved something rather 
difficult. A possible explanation is that the entry in the diary is followed 
by some such words as ‘‘ which I find to be quite elementary ” ; and that, 
these words being struck out when selecting extracts from the diary for 
The Life and Letters, the row of dots generally inserted to show that a quota- 
tion has been abbreviated was accidentally dropped by the typist or printer. 
Another explanation, which few of us who are teachers would consider 
impossible, is that Carroll missed the simple proof, and established his 
theorems only by some roundabout route. 

The final part of the entry of Nov. 5th stating, as Prof. Mordell neatly puts 
it, that if 2? =a? +b? where x, a, and b are all integers, then x =c* +d? where 

I 
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c and d are also integers, requires considerable qualification. Its converse 
is true; forifxz =c* +d?, then evidently x* = (c* — d*)? + (2cd)?, the only anomaly 
arising if c=d, which leads to 2*=0+2*. This gives us what is probably 
the simplest method of finding a group of three large numbers, prime to each 
other, which obey this square law. For example, 12?+72=193. 12?-—72=95, 
Twice 12 times 7=168. Therefore 193?=168?+95%. As to Carroll’s pro. 
position, we have 15?=12?+9?; yet 15 is the difference and not the sum of 
two squares. 30?=24?+18?; yet 30 is neither the sum nor the difference 
of two squares. 

However, we may readily deduce that if 7? =a?+6?, then 2 =c? +d?*, where 
either 


e=NVi(x@+a) and d=NV}(x-a) 
or c=N3}(a+b) and d=N}(x-b), 


and it is not difficult to show that one or other of these pairs of values of ¢ 
and d must consist of two integers in the following conditions: (1) If 2, a, 
and b are prime to each other ; (2). If the highest common factor of x, a, and b 
is a square number; and (3) If the H.c.F. is twice a square number. It 
seems quite likely that Carroll was only contemplating numbers prime to 
each other when he enunciated this theorem. E. V. Crarg, 


1736. On Notes 1550 and 1597 : Pythagoras’ Theorem. 


1, It can hardly be doubted that (as Note 1597 indicates) the source of this 
theorem is the proposition of Euc. VI, 31 (from the basic VI, 19-20), of which 
it is a particular case. But none of the proofs given brings out what appears 
to be the esséntial point, viz., this : 

The theorem on ratio of areas of similar figures has the immediate corollary 
that the areas of similar figures on given bases are proportional to those of any 
other similar figures on the same bases ; and, in the figure of Note 1597, the 
triangles ABC, DBA, DAC are similar * figures—such that the area of the 
first is obviously equal to the sum of the areas of the others; whence it 
follows that this latter relation of areas holds for any three similar figures 
with BC, CA, AB respectively, as ‘‘ bases ” (or corresponding sides). 


2. The special point about the particular case of squares is that an elemen- 
tary proof can be given, which does not use properties of similarity and pro- 
portion (the standard proof of Euc. I, 47). This is an interesting fact, since 
no argument involving Ratio and Proportion is (in the final analysis) really 
elementary ; + but it is not important, because the very great importance of 
Pythagoras’ Theorem resides in the analytical form a?=b*+c?,t in which 
a, b, c are number-quantities (viz. measures of BC, CA, AB)—and that brings 
us back to Ratio. D. K. Picken. 


* Relevant questions of direct and inverse similarity—and of positive and negative 
areas—are not here apposite. 


+ This is a fundamental fact which should never be lost sight of, when “ similarity ” 
is being made use of as an elementary method. The pendulum is swinging too far, 
in this respect, from the rigorous methods of Euclid. (See Gazette, XII, No. 172, 
p. 195). ; 

{ This should be clearly distinguished from BC?=C A? +AB?, in which the terms 
are properly to be understood as the actual areas (of square figures)—and which is 
therefore appropriate to the elementary treatment (into which “ number ”’ does not 
enter). Soalso BC . CD, etc., denote areas (of rectangular figures). The importance 
of the distinction between the “‘ pure ’’ and the “ analytical ”, in Geometry, is being 
too much slurred; the significance—and the beauty—of geometrical analogues 
(severely restricted) to algebraic forms being thereby missed, 
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1737. Motion when mass is changing. 

In the Gazette, XXVIII, p. 34 (Feb. 1944), Mr. Langdon-Davies disputes 
the accuracy of my solutions of some simple problems given in Gazette, XXV, 
p. 141 (July 1941), and Gazette, XXVI, p. 165 (Oct. 1942). My object was to 
draw attention to what should be a well-known method of solving problems 
on changing mass and to illustrate it by easy examples. It was not my 
intention to claim to have originated the method, for in my first note I gave 
areference to Routh’s Elementary Rigid Dynamics ; and I now find that the 
method was first formulated explicitly in the fifth edition, 1891, § 300. 

In the ease of a body losing mass steadily, by two alternative considerations, 
Routh obtains the equation of motion MdV /dt=force. Mr. Langdon-Davies 
claims that in the example chosen the equation should be d(MV)/dt= force. 

This is the first time, so far as I am aware, that the soundness of Routh’s 
reasoning has been challenged, and as the matter is one of importance and 
Routh’s book may not now be easily accessible I append an extract below. 

It would take too much space to criticise in detail the whole of Mr. Langdon- 
Davies’s note, but the reason why he gets a result different from Routh’s in 
the first case considered is because (in lines 11, 12 of his note) he decides to 
omit the momentum of the mass that leaks out. The reason assigned for this 
is that the mass has already separated from the main body. 

But if we regard the leakage as the breaking away of drops of mass m dé at 
intervals of time 8¢, there seem to be two alternative lines of argument. We 
may, as in Routh’s second method (see below), take V as the velocity and M 
the mass immediately after the fall of a drop and then by considering the 
change of velocity in an interval less than 8, in which there is no change of 
mass, write the equation of motion MdV/dt=force. Or, we may consider the 
changes that take place in an interval 8¢ which includes the fall of the next 
drop. In this case the external force has been acting on the whole of the 
moving matter and we cannot neglect the momentum of the drop in forming 
the equation of motion. The same argument holds good if we regard the 
separation as a continuous process. 

I regret to have to add that in none of the other examples considered does 
Routh’s method lead to Mr. Langdon-Davies’s results. 

Routh’s Elementary Rigid Dynamics, § 300 : 

“ Let a body of mass M, whose resolved velocity parallel to x is v, be acted 
upon by a finite force X. Let this body lose a small portion m= - dM of its 
mass in each element of time dt. It is required to find its equation of motion. 
In this time the force increases the linear momentum by Xdt, while the 
momentum lost by diminution of mass is mv. But the gain of momentum is 
d(Mv). The equation of motion is therefore 


d(Mv)=Xdt+vdM; 2. Mdvjdt=X. .....cccsccceessseeee (1) 


“This equation may also be obtained by taking M to represent the mass 
of the body just after the loss of the element m. Then equating the two 
~ -aageay for the gain of momentum in the next element of time, we have 
Mdv=Xdt. 

“ Next let us suppose that the body gains a mass m=dM in the time dt, 
and let the resolved velocity of this increment just before it is attached to M 
be v’. The total gain of momentum is now Xd¢t due to the force, and mv’ 
due to the impact produced by the sudden junction of the masses M and m 
with different velocities. The equation of motion is therefore 


CUNPO) = bE OGRE... cioscecesssctagecseverseeenssses (2) 


“If v’=v this reduces to the former result.” A.S. R. 
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1738. On the construction of models of the lines of singular cubic surfaces, 

It was shown by Wren * that if, on a plane cubic curve, 6 general points 
are nominated as the intersections of one of certain groups of 6 of the 27 
straight lines of a cubic surface with the plane of the curve, then a peneil 
of non-singular surfaces can be constructed : Green and Prior + completely 
defined the possible groups and, inter alia, further showed that if the cubic 
curve is degenerate all the singular cubic surfaces can be obtained according 
to the manner of the degeneracy and that, conversely, the form of the singu. 
larity is enforced by it. These latter properties provide a simple method of 
constructing models of the lines of singular cubic surfaces which entail 
drawing constructions of a conic and straight lines and without calculation 
—in point of fact the conic itself can be dispensed with, reducing the con. 
struction to a purely straight line one by means of Pascal’s Theorem, but the 
use of a conic is often more convenient. The construction of models is 
powerful teaching weapon and the author feels therefore that some practical 
notes drawn from his own models may be welcome. 

The framework consists of two sheets of three-ply wood, 9 in. square, to 
form the top and bottom ofan opencube. The connecting edges are quadrants 
of a circular rod 1} in. diameter: they are attached by glue and screws to 
the three-ply with the right-angles of the quadrants towards the centre, 
Some light wooden rods, such as 3 in. curtain rods, a fine bradawl with match 
stalks sufficiently pointed to use as pegs in the holes made by it without 
projecting through to any considerable extent, a pot of paste and some liquid 
glue or seccotine will also be required. The strings used to represent the lines 
of the surface should be of a fairly smooth but not waxy finish (the author 
found C. and M. mercerised cottons, threefold thirties sewing yarn in two 
colours and twofold twenties black and white Grundelle most convenient, 
with the thicker threefold twelves occasionally when emphasis on a particular 
line was desired). 

We shall employ the usual notation for the lines of the cubic surface, 
a,, bs, C,, (r, s=1, 2... 6) where c,, is the transversal of a,, b,, and denote by 
the same letters the points where the lines meet the ply-wood planes. For 
convenience of reference we will use axes OX, OY, OZ where OX, OY are 
along edges of the upper face of the cube and OZ is downwards. The six 
nominated points will be designated by aj, dg, @3, a4, b;, bg. The singular cubic 
surfaces are obtained when these six points lie on a conic and they then 
coincide, one by one, with },, b., b3, b4, as, as. The type of cubic surface is 
determined by coincidences amongst these points and/or degeneracies of the 
conic. ft 

For detail illustration we will take the surface having the conic node (, 
and binode B;. (The figure and approximate measurements given refer to 
the author’s model—the variations which can be made are of course un- 
limited). This surface is enforced by the coincidence of the points aj, dy, 43. 
In this example there is no point in drawing a base conic. 

On a sheet of paper the points A, B, C, D are first marked, with the alloca- 
tion of lines to the points : to A, a,, b;, dz, bz, a3, 63; to B, ay, by; to C, as, bs; 
to D, ag, b,. The line AF is taken as being the tangent to the ‘‘ base conic ” 
at A. Points E on AE, F on AB, G on AD are now taken arbitrarily in 
positions so chosen that subsequent straight-line constructions give well- 
distributed intersections as shown on the figure, with forced allocations to E, 
Cy, Cy3> C233 tO FY, Cig, Coa, Caq3 tO G, Cre, Cog, C3ee FG and AC are drawn to 


* Journal London Math. Soc., 6 (1931), 16. 
t Proceedings London Math. Soc., ser. 2, vol. 41, 1936. 
t For the theoretical discussion, see Green and Prior, loc. cit. 
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meet at 7, BC and HG at J, BD and EH at K, CD and EF at L, the forced 
allocations being to H, Cys, C25, C353 to J, Cys; to K, cya; to L, cs. After 
a faint line copy has been made (omitting the conic if it has been drawn) 





a a oe 
Oo x 


Lo 














the sheet is pasted on the outside upper surface of the frame and the copy in 
a parallel position on the inside lower surface. The use of this second figure 
is purely directional: any three lines starting from a straight line of the 
upper face should meet the lower face in a parallel straight line so that 
comparison with the corresponding line of the copy often enables accumulating 
errors to be detected at once. When thoroughly dry, holes are bored through 
the upper face at the lettered points, a point being as nearly as possible on the 
circumference of the hole. Lengths of the cotton or string are now passed 
through A and C and pegged there from the outside with an inch or two 
left loose on the upper face. Holes are bored in the lower face so that the 
strings intersect at the conic node (4-3, 4-9, 3-5 on the.author’s model) : they 
are passed through these holes, drawn fairly tight and pegged from the 
outside, the loose ends being left. Strings are now similarly placed through 
Band D to pass through the conic node. A string through E meeting the 
one through A now fixes the position of the binode (in the author’s model 
this string grazes an edge of the frame at 8-1, 9, 7-4, being fixed by a fine 
notch cut in the edge and tied round : the binode is at 4, 5-1, 2-6). The 
strings through F, G, H are now placed in position to pass through the binode. 
The position of the string J is now determined, meeting those through 
BC, E G (if we use ‘“‘ dashed’ letters to denote the corresponding points on 
the lower face J’ is the intersection of B’C’ and E’G’), and similarly those 
through K (meeting those through B, D and E, H) and L (meeting those 
through C, Dand E, F). In the author’s model the string through J required 
an additional support in the plane x=0, which it met at 0, 6-1, 5:7: this 
was provided by a light rod, temporarily wedged in and afterwards glued, 
between the corner supports; all intersections were obtained within the 
volume of the model except that between the C and H lines. 
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It will now be found that owing to the thickness of the strings distortions 1740 
have accumulated. These can be averaged by three methods : : 


(1) checks of the required collinearities and parallelisms on the lower plane, he 
(2) interlacing of the strings, changing the side of passage of a string past ff may be 
another, Let k 
(3) turning the pegs in the holes, using the tolerance given by the size of 
the holes. Then 


The upper ends of the strings may now be secured by withdrawing each 
peg in turn (keeping the string in position by holding the loose end), and § and her 
replacing after touching lightly with the glue stick. When these are dry the 
tautness of all the strings should be checked over and the other ends then § Now 
treated in the same manner. For further security short lengths of the loose 
ends may be fastened to the outer faces and small spots of glue applied to and so 
the holes on the inner faces. When all is secure the emerging ends of the 
pegs should be cut flush with the faces. In this model the thicker cotton f From ( 
may well be used for the string through A giving the line through both nodes, 
and thinner cotton for the rest, one colour being used for those through F or 
B, C, D completing the lines of the conic node, another for those through 


















E, F, G, H completing those of the binode, and a third colour for the rest. from w! 

In a similar manner models for the other singular cubic surfaces may be 
constructed, starting from suitable distributions of points. Particularly shih 
attractive ones are: the surface with 3 conic nodes, 3C,, in which a, and a, é 
coincide and a, and 6, coincide, and that with the binode B,, in which a, a, 1741 
coincide, a, and a, are distinct points on one line through this point and ; 
b;, bg are distinct points on a second. H. GWYNEDD GREEN, b The | 

ave gi 

1739. An elementary inequality. 

The test for the existence of a sum to infinity for a geometrical progression, 
namely that the common ratio r is numerically less than 1, provides a most 
frequent source of error and of dubious manipulation on the part of junior 
students. The effect of the possibility of a negative denominator in r is often ii 
overlooked and it is seldom recognised that when this can occur as many as Tl ‘ oh 
four small enquiries, working on the normal lines, may be needed ; the i 
following examples of a method which avoids the difficulties and which does a . 
not appear in the textbooks available to the writer may be of service. sain 

‘* Find the ranges in x for which a geometrical progression may have a sum | Ware 
to infinity when (i) r=2ax/(1 — 32), (il) 7 =(2a? + 2a + 6) / (2? +72).” 

(i) Squaring, we must have — 

2a \2 ini 
(=) <1, (2x)?<(1-32z)?, or (2x)?-(1-32z)?<0; 

7 We rec 
using the difference of two squares, — (5a -1)(a#-—1)<0.* Hence x must be 
outside the range j to 1. be 

(ii) Squaring, we obtain in the same way and if | 
(2a? + 2x + 6)? — (2? + 7x)? <0, 
(3a? + 9a + 6) (a? — 5a + 6) <0, and 
3(x +2)(x%+1)(~ -2)(w@-3)<0. correct 
Hence x must be within one of the ranges -2 to -1 and 2 to 3. A ve 
The same difficulty of sign also arises in the case of greatest terms I 
binomial expansions with positive fractional indices. H. G. Gf for n> 
* Beginners need a special warning that they must not carelessly divide through 
by a negative quantity. The same point occurs in the algebraic determination of gives | 
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1740. A problem in elementary trigonometry. 

To solve a triangle, given B-C, b-c and p, the altitude from A. This 
problem was suggested to me by a fellow-teacher and the following solution 
may be of interest. 

Let B-C=20, b-c=d, k=p/d, sin}A =z. 








—— b-c _ d 
= sin A sin B-sinC@ 2sin }(B—C) cos 4(B+C) 
and hence COLCOS AA = ID. «scans saasaacesnsinesacwnesmaseeossoonse (1) 
E psin A 4p sin 3A cos 4A 
_ @=<in B sin C cos(B—C) -cos(B+0)’ 
and so a/cos $A =4pz/(cos 26 +cos A) 
IE MOOI — De. oscansinwnceseacmaencesionwes (2) 


From (1) and (2) 
d/sin 0 =2pa/(cos? 6 - x?) 
or a? +2kx sin 0 -—cos? §=0, 
from which, since x is positive, 
x= —-ksin 6+ /{(k? -1) sin? 6+1}, 
which gives A and hence the solution of the triangle. 
SypNEY THOMSON. 
1741. Root approximations. 
The following formula is in some respects a great improvement on those I 
have given previously : 
2. 724 Oy 
(lain M4 + 2a)? ~ x }+ 2x (4+ 22x) 
n{ (4 + 2a)? — x} — 24(4+ 22) 
_ n(4 — 2") +42 
~ n(4 — 22) — 42’ 





where z=2/(2+2). 
The error is about (n? — 4)x3/48n°. 

Thus with a= 1/9 or z=1/19, the approximation is correct to 6 figures for 
n=3, ..., 20, and to 8 figures for n=2. This last result is about equivalent 
to that obtained by the first formula in Note 1584 (Gazette, February 1942). 

For example, 

(1+3)1/" = (1443 + 76)/(1443n — 76). 
As an application, the table in the Gazette, May 1943, p. 73, gives 
log (1-0090350448) = 0-00390625. 
We require to find log, 2. By the formula here given 
(1-024)1/" = (16385728n + 194304) /(16385728n — 194304), 
and if this is equal to 1-009035, n is easily found to be 2-6367888128, whence 
0:0102999563 = log, (1-024) 
and log, 2 = 0-301029996, 
correct to 9 figures. 
A very far-reaching result can be obtained : 
101" = (n+ 1-1511)/(m— 1-1511), 
forn>25. For example, 
1-024 =(n + 1-1511)/(n — 1-1511) 
gives log 2 as 0-3010301 correct to six decimal places. In this formula, the 
number 1-1511 is just less than } log, 10. R. H. Bires. 
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REVIEWS. 


Aerodynamics of the Aeroplane. By W. L. Cowtry. Pp. 201. 5s. 19 
(Nelson) 

This book forms one of Nelson’s Aeroscience Manuals, and is written for 
students who have reached matriculation standard. It gives a useful intro. 
duction to the subject in simple language. There are ten chapters on sustenta. 
tion of aeroplanes ; the aerofoil; the complete aeroplane ; the propeller ;} 
the aeroplane in steady flight ; aerodynamic measurements—I : mode! tes 
—II: full-seale tests ; fluid motion—aerofoil theory ; fluid motion ; vib 
tions in aircraft ; and a number of simple exercises. 

By means of simplified statements of the various problems the author ha 
succeeded in giving a very fair and understandable picture of the subject of 
flight, and it is therefore a pity that the treatment is marred in several 
important instances by :nisprints and obscurities. For example, on p. 2) 
there is the statement : 


” 


; t 
‘** Dynamic pressure = }pv? = 3 — v® 
—¢ 


where W is the weight; and on p. 23: ‘ Mass in pounds (Ib.) for Wi 

W /g in formulae.”’ As these occur in the explanation of the distinction betweem 
mass and weight it is rather important to be careful. Again, on p. 31, the 
definition of pitching moment 

M=CyspAv? 

is wrong in dimensions. On pp. 164 and 167 ft is printed in roman instead off 
italic type, and on pp. 128, 129 the term “ bification point” is used four 
times for a point where the steam bifurcates. L. M. M.-T. 


Elementary Practical Mathematics. By E. W. Goxtprnc and H. G. GreEEy 
II (Second Year). Pp. xii, 202. Second Edition, 1942. 7s. 6d. (Pitman) 

This is the second edition of a book which has proved its worth and popu 
larity. The first edition was reprinted three times, and this, the second 
published early in 1942, has already been reprinted. 

The first edition was reviewed in Vol. XIX, p. 382, of the Gazette (1936), 
This new edition is much richer in examples throughout (almost double th 
number in the original edition), and the book concludes with ‘‘ Additiona 
Elementary Examples ”’ on each chapter, forming an excellent revision test 
on the work as a whole. 

There are extensions, illustrative examples, aud amplifications of methods, 
those in the chapter on algebraic graphs being particularly interesting. 

The printing and production also is very good, especially for war-time, 
The book should be very useful for ‘‘ Second Year ’’ National Certificate 
students for whom it is intended. E. J. Ae 


Mental Calculations for the Services. By F. T. Oram and R. WESLEY. 
Pp. 48. Is. 1943. (Macmillan) 

This is an excellent little book of well-graded examples covering a wide 
field from simple vulgar fractions and decimals, averages and percentages, t 
evaluations requiring an elementary knowledge of logarithms, geometry 
trigonometry. The book ends with seven comprehensive ‘ Miscellaneous 
Tests ”’. 

It is the intention of the authors that the student ‘ shall aim at completing 
each exercise within 20 minutes”. The student who can master all these 
examples, even with the use of pencil and paper, will be well equipped. 

E. J. Ay 
PRINTED IN GREAT BRITAIN BY ROBERT MACLEHOSE AND CO, LTD. 
THE UNIVERSITY PRESS, GLASGOW 








